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FUNCTIONS OF EXPONENTIAL TYPE* 
BY R. D. CARMICHAEL 


1. Definition and First Properties. If f(x) is an analytic func- 
tion which is regular at x» and x, then by expanding f(x) in 
powers of x—x» and suitably dominating the expansion it is 
easily shown that 

lim sup | = lim sup | f(x) 
n= n= 

where the superscripts denote derivatives with respect to x. In 
the proof it is convenient to carry out the argument first for the 
case in which the first of these superior limits is finite. If these 
superior limits have the finite value g, (g20), then f(x) is an 
integral function; in such a case we shall say that f(x) is of ex- 
ponential typet g. This terminology is justified by the following 
fundamental theorem.{ 


THEOREM 1. A necessary and sufficient condition that the in- 
tegral function f(x) shall be of exponential type q is (1) that num- 
bers o shall exist for which it is true that for every positive number 
€ there exists a quantity M, depending on «€ and a in general but 
independent of x, such that for all (finite) values of x we have 


(1) | f(x)| << Meetolzl, 


and (2) that q shall be the least possible value for such numbers o. 
Moreover, when f(x) is of exponential type q, we have 


(2) f(x) | < + (n = 0,1,2,---), 
where M 1s independent of x and n. 


The demonstration is readily constructed by aid of (2) which 
is easily proved by use of the expansion of f(x) in powers of x. 


* An address delivered by invitation at a meeting of the American Mathe- 
matical Society at Cincinnati, December 1, 1933. 

+ The term exponential type is taken from a paper by G. Pélya, Analytische 
Fortsetzung und konvexe Kurven, Mathematische Annalen, vol. 89 (1923), pp. 
179-191. 

t See p. 361 of a paper by R. D. Carmichael, Summation of functions of a 
complex variable, Annals of Mathematics, vol. 34 (1933), pp. 349-378. 
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The proofs of the following three theorems may also be obtained 
without difficulty. 


THEOREM 2. If f(x) and g(x) are two functions of exponential 
type not exceeding gq and if ais a constant, then the function h(x), 


is of exponential type not exceeding q. 


THEOREM 3. If f(x) is of exponential type q and tf the radius p 
of convergence of the power series }>a,t* is greater than q, then the 
series 


x 


k=0 
is uniformly convergent tn any finite region whatever of the x-plane 
and defines a sum-function g(x) of exponential type not exceeding 

THEOREM 4. Let f(x) be of exponential type not exceeding q and 

let it have the period a. Let n denote the greatest integer not exceeding 
|a|q/(27). Then f(x) has the form 


f(x) = cye?*rizia 
k=—n 
where the c’s are constants. Moreover every function f(x) of the 
latter form is of exponential type not exceeding gq and is periodic 
with period a. 


The following elementary propositions are readily established 
either by aid of the fundamental Theorem 1 or more directly by 
means of what is immediately involved in the definition.* 

A. If f(x) is of exponential type g, then all the derivatives 
f(x) are of exponential type g. A similar proposition holds for 
all functions obtained from f(x) by repeated indefinite integra- 
tion with respect to x. 


* For contributions to the theory of functions of exponential type see 
(among others) the following: Hilb, Mathematische Annalen, vol. 82 (1920), pp. 
1-39, vol. 85 (1922), pp. 89-98; Perron, ibid., vol. 84 (1921), pp. 31-42; Pélya, 
ibid., vol. 89 (1923), pp. 179-191; Pincherle, Acta Mathematica, vol. 48 (1926), 
pp. 279-304 (first published in 1888); Hurwitz, ibid., vol. 20 (1897), pp. 285— 
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B. If f:(«) and f2(x) are of exponential type not exceeding g, 
then a:f1(x)+a2f2(x) is of exponential type not exceeding q, the 
quantities a; and a2 being constants. 

C. If fi(x) and fe(x) are of exponential types qi and ge, re- 
spectively, and if g:>qe, then f:(x) +f2(x) is of exponential type 
D. If f(x) is of exponential type g, then f(ax+-)) is of ex- 
ponential type lalq, when a and 3 are constants. 

E. If fi(x) and f2(x) are of exponential types qi and q2, respec- 
tively, then the product f,(x)f2(x) is of exponential type not 
exceeding gi tq. 

F. Rational integral functions are of exponential type zero. 
| If a is a constant, the function e* is of exponential type 

a}. 

2. One-to-One Correspondence with Functions Analytic at a 
Point. The following theorem appears incidentally in work by 
Pincherle (loc. cit.) and Hurwitz (loc. cit.). 


THEOREM 5. Let f(x) be a function of exponential type q and 
write 


(3) f(%) = a9 + aie + aex?+---. 
Form the function 


nN! dy 


4 ao a 

The last series converges when | ¢| >q. Let C be a circle about O as 
center and of radius greater than q. Then 


(5) f(a) = — 


The proof of the theorem is almost immediate. One has only 
to replace ¢(¢) under the integral sign by its given expansion, 
multiply this series term by term by e*' and integrate term by 
term; the result is the power series expansion of f(x). 

This theorem exhibits an interesting one-to-one correspond- 
ence between functions of exponential type and functions 
which are analytic at a point and vanish there. Without loss of 
generality we may take this point of analyticity at infinity. If 
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(t) denotes such a function, then it may be written in the form 
(4); then the associated function f(x) defined by (5) has the 
expansion (3) and is of exponential type. 

When f(x) and $(#) are associated in the way indicated it is 
readily seen that every property of one of the functions is in 
some way reflected in a corresponding property of the other. 
It is perhaps most natural to pass from properties of $(¢) to 
properties of f(x), using relation (4) as the point of departure 
for the analysis. One may therefore expect a direct reflection of 
the properties of #(#) in those of f(x). The relation in the op- 
posite order seems to be less direct, but it is certainly fully im- 
plied in the indicated correspondence. It appears that very little 
has been done in developing the indicated correspondence of 
properties of the two functions. But the problem is certainly a 
feasible one; in some respects it is no doubt difficult. It is rather 
intriguing. 

3. Expansions in Bernoulli-Hurwitz Functions. A very natural 
expansion theory of functions of exponential type is afforded by 
series of Bernoulli-Hurwitz functions (Carmichael, loc. cit., 
pp. 371-378). The latter functions are extensions of the Ber- 
noulli polynomials B,(x) defined by the identity 


whence we have 


(v = 0, 1, 2, - 


where C is a circle about O as center and of radius less than 27. 
The Bernoulli-Hurwitz functions B,,,(x) we may define (see 
Hurwitz, loc. cit.) by the relations 


c, ef — 1 


where C, denotes the circle of radius 7(2r+1) about O as a 
center. Then we have 


B, = B,(x), (v 0, Zs 


ef—1 y! 
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v! 


(» = 0,1,2,---;r=1,2,---). 


B, (x) = B,(x) + 


Let us now consider series of the form 


(7) 

y=0 
where ¢ is a fixed non-negative integer and the coefficients c, are 
independent of x. By means of an analysis which is not difficult 
one is led to the following theorems. 


THEOREM 6. If the series (7) converges [converges absolutely | 
for x=x, and x=x2, where 4(r+1)x, is not an odd integer and 
2(r+1)x2 and 2(r+1)(x1—x2) are not integers, then in every finite 
region of the x-plane this series converges |converges absolutely | 
and uniformly. Moreover the series 


x 


v=0 
converges [converges absolutely | for t= +2mi(r+1) and hence also 
when |t| >2x(r+1). 


THEOREM 7. No function F(x) can have two distinct expansions 
in series of the form (7) for the same value of r. 


THEOREM 8. If a function F(x) has a convergent expansion in 
the form (7), then F(x) is of exponential type not exceeding 
2n(r+1). 

THEOREM 9. Any given function F(x) of exponential type q such 
that 2xrSq<2m(r+1) has an expansion of the form 


(8) F(x) = + ¢,B,,,(x)/v!}, 


k=—r y=1 
where the a’s and c’s are (uniquely determined) constants. 


COROLLARY. The function F(x) has an expansion of the form 
(8) with r replaced throughout by r+p, where p is any non- 
negative integer. In each case the finite sum as to k consists of cer- 
tain terms of the Fourier series for F(x) in the interval (0, 1). 
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THEOREM 10. Let F(x) be any given function of exponential 
type 2x(r+1). Write 


Then a necessary and sufficient condition that F(x) shall have an 
expansion of the form (8) is that each of the following series shall 
converge: 
= 0, 1). 
+ 1)” 

The theorems and corollary in this section afford necessary 
and sufficient conditions for the expansion of functions in series 
of Bernoulli-Hurwitz functions. Such series together with a 
finite number of terms from the indicated Fourier series afford 
expansions, valid throughout the finite plane, of any given func- 
tion of exponential type g; and no function outside of this class 
has such expansions. It follows therefore that series of Bernoulli- 
Hurwitz functions afford very natural means for the representa- 
tion of functions of exponential type. 

From equation (8) and the fact that 


B, (x + 1) — B,,(x) = vx", (v = 1,2,---), 
it follows that 


F(x + 1) — F(x) = > eee : 
(v 1)!" 
whence one concludes that the coefficients c, in (8) have the 
values given in (9). 

The case r=0 of the foregoing expansion theory has been 
treated by Nielsen* by a method different from that employed 
by Carmichael in the general case. 

4. Other Expansions. A very natural generalization of the ex- 
pansion theory of the preceding section comes readily to mind. 
Let g(t) be any function which is analytic at the point t=0 and 
has there the value g(0) =1. Then the identity 


= x 
g(t) v=0 v! 


* Nielsen, Mathematische Annalen, vol. 59 (1904), pp. 103-109. 
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defines the polynomials P,(x) of degree v fory=0,1,2,---. If 
C denotes a sufficiently small circle about O as a center, we have 
v! 


P(x) = — —) 
g(t) 


(» = 0,1,---). 


When g(t) = (e'—1)/t, we have P,(x) =B,(x) and hence are 
led to the theory of the preceding section. If g(#) =e*', we have 
P,(x) =(x—a)’/v!, so that the expansion theory in this case is 
that of power series. These two examples are sufficient to show 
that there is a great diversity among the expansion theories 
which may arise from this point of view. The character of the 
several classes of series will be determined primarily by the 
additional properties assigned to the function g(t). 

In order to have an illustration of the results which may 
emerge, let us consider the case in which g(t) is further restricted 
to be analytic in the region | t| <p and to be different from 0 in 
this region except for a zero of order one at a point a of this re- 
gion. Then if we write 


ex ert P 
git) (¢—a)g’(a) y! 


where g’(¢) denotes the derivative of g(#) with respect to t, we 
have 


QO,(x) = P,(x) + v! 


By aid of the defining relations for P,(x) and Q,(x) we readily 
obtain dominating relations by means of which the following 
rather remarkable theorem is easily established. 


THEOREM 11. In the present case, if the series 
v=0 


converges [converges absolutely| at any single point x=x1, then 
in any finite region whatever it converges [converges absolutely | 
and the convergence is uniform. 


The particular case g(t) =1—# yields expansions in terms of 
the functions 


= 
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These are sections of the power series expansion of e’. 

Returning to the general case and differentiating both mem- 
bers of the defining relation for the polynomials P,(x), we see 
that P,(x) = P}4,(x). These polynomials therefore belong to an 
interesting class of polynomials. 

Let us now consider the case when g(t), with g(0) =1, is an 
integral function having an infinitude of zeros. Let Ay, As, - - - 
denote the absolute values of these zeros in ascending order of 
magnitude, so that ---. Let C,,(r=1, 2,---), 
denote a circle about O as center and of radius greater than A, 
but less than \,4;. Let Co denote a circle about O of radius less 
than ),. Define the functions P,,,(x) by the relations 


v! e= dt 
P, (x) = 


These obviously afford generalizations of the Bernoulli-Hur- 
witz functions. It would be a matter of considerable interest to 
have developed a comprehensive theory of the expansion of 
functions in series of the form 


x 


> cP, Ax) 


v=0 


for fixed values of r. It would also be of interest to consider the 
theory for the case when r is a function of v, as, for instance, the 
case when r=v. The first of these investigations will generalize 
the results of the previous section and will lead to other types 
of expansions for all functions of exponential type. The latter 
(see Hurwitz, loc. cit.) will include expansion theories for all 
integral functions. 

Other expansion theories of still more general type would 
arise from replacing e” in the foregoing formulas by more 
general functions of x and t. Some classes of cases which thus 
arise are of considerable interest. 

The problems suggested in this section are now being investi- 
gated by some of my younger colleagues at the University of 
Illinois. 


x x? 
1+—+—+---+—- 
1! 2! n! 
| 
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5. Simultaneous Expansions in Composite Power Series. For 
n> 1 we consider the question of expanding m integral functions 
fi(x), fe(x), - - - ,fn(x) simultaneously in composite power series, 
that is, we consider the problem of representing these functions 
in the form 


(10) fAx) 2; 2; Cin (% a,;)*, (v 1, 2, n), 
k=0 

where the coefficients c;, are to be independent of both x and 

v. We impose the further condition on the coefficients c;, that 

they shall be such that the series in the equations 


(11) gi(x) = G = 1, 2, n), 
k=0 

shall converge for all finite values of x, thus making the func- 

tions g;(x) integral. Furthermore we subject the given con- 

stants a,; to the condition that the determinant A(t) whose 

element in vth row and jth column is exp (—a,,t) shall not be 

identically zero as a function of t. 

For n =1 the problem evidently reduces to the classical prob- 
lem of expansions in power series. We shall suppose throughout 
that m>1. 

We have the following theorems.* 


THEOREM 12. If fi(x), fo(x), -- - ,fn(x) are any given integral 
functions and if the constants a,; are such that the determinant A(t) 
has the property described above, then these functions f,(x) have 
simultaneous expansions of the form (10), where 


lim | cj = 0. 


THEOREM 13. Jf the functions f(x), fo(x),---, fn(x) are of 
exponential type not exceeding q, one at least of them being precisely 
of type q, and if the constants a,; are such that the determinant A(t) 
has the property described above, then the functions f,(x) have 
simultaneous expansions of the form (10) such that the associated 
functions g;(x) of (11) are of exponential type and indeed such 
that these functions g;(x) are of exponential type not exceeding q, 
one at least of them being precisely of type q. 


* R. D, Carmichael, Transactions of this Society, vol. 35 (1933), pp. 1-28. 


| 
| 
x n 
| 
| 
| 
| 
| 
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It is not difficult to obtain formulas for suitable coefficients 
Cj to be employed in the expansions (10). Only in exceptional 
cases is it true that these expansions are unique. Even with the 
strongest conditions imposed on the coefficients c;, in the latter 
part of Theorem 13 there is still room for more than one deter- 
mination of these coefficients. What degree of arbitrariness 
exists in the determination of these coefficients and what ad- 
ditional conditions might be imposed to render them unique 
are problems which appear not to have been solved. It seems, 
however, that they are of such nature as to be amenable to 
treatment, in large measure at least, by methods which are al- 
ready existent. In some special cases, particularly for m =2, they 
are not difficult. 

As an application of the theorems to the case when a, =a, 
dy=b, where a#b, we have the following result. 
An arbitrary integral function f(x) may be expanded in the form 


co 


= {a(x — a)* + v(x — 5)*}, 


k=0 


where the sums c,+y;, (k=0, 1, 2, - - -), have any preassigned 
values subject to the condition that | ce +y:| Vk shall approach 
zero with 1/k. This proposition may be given a still more precise 
form if f(x) is restricted to be a function of exponential type 
(see Carmichael, loc. cit., p. 19). 

The theory just indicated is confined to the case of simul- 
taneous expansions of integral functions. In the case of ordinary 
power series the natural region of convergence is a circle and 
the expansion theory exists for all functions which are analytic 
at a point. This raises the question whether there exists a useful 
and interesting theory of simultaneous expansions in composite 
power series in the case of m functions which are analytic in a 
given finite region. I do not know the answer to this question. 


6. Summation of Functions of Exponential Type. By expand- 
ing F(x+w) and G(x+w) in powers of the given constant w 
by means of the Cauchy-Taylor theorem and employing the 
operator D to denote differentiation with respect to x, the equa- 
tions 


(12) F(x +) — F(x) = w(x), G(x +) + G(x) = 2¢(x), 


= 
= 
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may be written in the symbolic forms 
— 1) F(x) = w(x), (e*? + 1)G(x) = 29(z), 
whence one has the symbolic formal solutions 
(13) F(x) = w(e*? — G(x) = 2(e*? + (x). 
By aid of the expansions 


1 1 a 1 1 
+ \ 


—1 2 t t — 2vri/w) 


2 1 1 
evt+1 @ (t+ (20 — (20 — 1) 
15 
( ) + AS 
v} 


where m is a non-negative integer (the finite sums as to v being 
omitted when m=0), the formal solutions (13) lead to the fol- 
lowing formal solutions: 


re) 


(16) 
v! 


where a is any conveniently chosen constant. We shall call (16) 
[(17)] the modified Euler-Maclaurin [Boole-Nérlund] sum 
formula. 

We now have the following theorems (Carmichael, Annals of 
Mathematics, loc. cit., pp. 365, 366). 


THEOREM 14. If $(x) is of exponential type not exceeding q 
and if m ts the integer defined by the relation 


y=2 py! 
+ = 4 (a), 
v=1 py! 
| 
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2am <|w|q < + 1), 


then the first equation (12) has a solution F(x) defined by the modi- 
fied Euler-Maclaurin sum formula (16); and F(x) is of expo- 
nential type not exceeding q. If (x) is of exponential type q, then 
F(x) is of exponential type q. 


THEOREM 15. If o(x) is of exponential type not exceeding gq and 
m 1s the integer defined by the relation 


(2m — <|w|q < (2m + 1)z, 


then the second equation (12) has a solution G(x) defined by the 
modified Boole-Nérlund sum formula (17); and G(x) is of ex- 
ponential type not exceeding q. If (x) is of exponential type q, 
then G(x) is of exponential type q. 


When ¢(x) is of exponential type g we shall say that a solu- 
tion of the first [second ] equation (12) is a principal sum [prin- 
cipal alternating sum | of ¢(«x) if the solution is itself of exponen- 
tial type q. 


THEOREM 16. If $(x) is of exponential type q and tf m 1s the 
greatest integer not exceeding | w|g/ (27), then the most general 
principal sum of (x) is the algebraic sum of any particular 
principal sum (always existent) and the function 


m 
> 


k=—m 
where the c’s are arbitrary constants. 


THEOREM 17. If $(x) is of exponential type q and if m 1s the 
greatest integer not exceeding $+ |w|¢/ (2x), then the principal 
alternating sum of (x) is unique when m=0 and is otherwise the 
algebraic sum of a particular principal alternating sum (always 
existent) and the function 


m 


= sri 
cre 
k=—m+1 


where the c’s are arbitrary constants. 


The last two theorems for the case m=0 are given by Hilb 
(loc. cit., pp. 90-91). In the general case they are, in view of 


= 

/ 
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Theorem 1, equivalent to theorems obtained by J. R. Purdy* 
under hypotheses of a different form. 


7. Generalizations of the Preceding Section. We consider the 
problem of solving the system 


i=l 

of functional equations (generalized difference equations with 
constant coefficients), where the functions ¢,(x) are m given 
integral functions and the m functions g;(x) are to be deter- 
mined subject to the requirement that they shall be integral 
functions. In this system the coefficients c,; and the additive 
terms a,; in the arguments are given constants. 

We define the symbolic operator E(a) by the relation 


E(a)- f(x) = f(x +a). 


The product aE(a)-BE(b) is by definition equal to aBE(a+5). 
We define the symbolic determinant A, 


A= | ¢,;E(a,;) |, 


whose element in vth row and jth column is c,;E(a,;), as the 
symbolic operator obtained by expanding the determinant form- 
ally as if its elements were ordinary algebraic quantities. The 
expanded determinant may be written as a linear homogeneous 
function of suitable operators E with constant coefficients. By 
h(t) we denote the function 


h(t) = 


When h(¢) is not identically zero we shall say that system (18) 
is non-singular. By A,; we shall denote the cofactor of the ele- 
ment in the vth row and jth column of A. Then 4A,; is a poly- 
nomial in operators E with constants coefficients. 

We write the power series expansion of ¢,(x) in the form 


k=0 


* J. R. Purdy, The Treatment of Finite Integration by Means of the Cauchy 
Integral Theorem, (unpublished) Illinois dissertation, 1930. 


| 
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When the functions ¢,(x) are of exponential type not exceeding 
q, we write 


=—+—+—+::-, (» = 1,2,---,#). 


These series define the functions y,(¢) when >q. 

Let r be a positive number exceeding g such that the circle 
C, of radius r about O as a center passes through no zero of the 
function h(t). By A,,e* denote the result of operating with 
A,; on e** considered as a function of x. Form the functions 


1 ~ dt 
(19) gx) = — —> G =1,2,---,). 
C, kel h(t) 

If the functions ¢,(x) are of exponential type gq or less and at 
least one of them is of type g, then a solution of (18) will be called 
a principal solution if no function in it is of exponential type 
exceeding g. It is clear that at least one of the functions in the 
solution must be precisely of type q. 

Now (see Carmichael, Transactions, loc. cit., p. 7) by aid of 
certain symbolic processes we are led to the following theorem. 


THEOREM 18. When the ,(x) are functions of exponential type 
not greater than q and one at least of them is of type q, then system 
(18), when it is non-singular, admits as a principal solution the 
functions g;(x) defined by (19) for r=q+e, where €is a small posi- 
tive quantity such that h(t) has no zero in the ring bounded by C, 
and the circle |t| =g. 


By an extension of the argument it may be shown that the 
non-singular system (18) admits an integral solution whenever 
the ¢,(x) are integral functions. 

In the case to which Theorem 18 relates methods are at hand 
for determining all the principal solutions of (18) and indeed all 
solutions of exponential type. The singular cases, excluded from 
Theorem 18, call for additional investigation; but they seem to 
be amenable to successful treatment. These problems are now 
being investigated by one of my younger colleagues. 


8. Differential Equations of Infinite Order. Let us consider the 
problem of solving the following linear differential equation of 
infinite order with constant coefficients: 
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(20) doy + ary’ + ay” +--- =0, (do ¥ 0). 


When the coefficients a, are given and y is an analytic solution 
valid at x =xo, then the left member of (20) must be a converging 
series; hence we must have 


lim sup | a,y”(x9) < 1. 
»=0 


When this superior limit is 1 there is still doubt concerning the 
required convergence. Hence, in a first study of (20), it is na- 
tural to require that the given superior limit shall be less than 1. 
Then it is natural to impose on the given coefficients the con- 
dition 


lim sup| a, |" = p < 0. 
One is thus led to seek solutions y of (20) such that 
1 
lim sup | —- 
y=@ p 


Such functions are of exponential type. Therefore functions of 
exponential type are naturally encountered in the study of the 
simplest differential equations of infinite order. 

The central theorem* which emerges in the investigation of 
the problem thus suggested is the following. 


THEOREM 19. In the linear homogeneous differential equation 
(20) of infinite order, suppose that the given coefficients a, are such 
that the function F(z), 


F(z) = ao + + aoz?+---, 


is analytic in the region | s| <q, (q>0). Let solutions y(x) be 
sought of exponential type not exceeding q. If F(z) has no root in 
the region | z| <q, the only solution y(x) of the indicated character 


* For the theory of differential equations of infinite order the reader may 
consult the following papers and others referred to in them: Hilb, Mathe- 
matische Annalen, vol. 82 (1920), pp. 1-39; vol. 84 (1921), pp. 16-30, and pp. 
43-52; vol. 85 (1922), pp. 89-98; Perron, Mathematische Annalen, vol. 84 
(1921), pp. 1-15, and pp. 31-42; Ritt, Transactions of this Society, vol. 18 
(1917), pp. 27-49; Davis, Annals of Mathematics, vol. 32 (1931), pp. 686-714; 
Lewis, Transactions of this Society, vol. 35 (1933), pp. 792-823. The results 
which we present are essentially in the form given by Perron. 
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ts y(x) =0. If F(z) has n zeros (n>O) in the region || <q (mul- 
tiple zeros multiply counted) and if P(z), P(z)=2"+g:2""!+ --- 
+g,, is a polynomial having the same zeros as F(z) in this region 
(with the same multiplicities), then the solutions y(x) of the in- 
dicated character are the same as the solutions of the following 
equation of finite order: 


u™ + £.u = 0. 


An elegant and rather comprehensive theory has been de- 
veloped by Hilb, Perron, and others for the solutions of ex- 
ponential type admitted by equations of the form 


g(x)y™ = f(x), 


where f(x) is a given function of exponential type and the g,(x) 
are given polynomials of degrees not exceeding a given integer 
p. For the results the reader may conveniently consult Perron 
(loc. cit.). It is thus seen that some of the most important in- 
vestigations of the theory of differential equations of infinite 
order are essentially bound up with the theory of functions of 
exponential type. In particular, there are classes of cases in 
which one is able to obtain the general solution of exponential 
type. 

That homogeneous equations even with constant coefficients 
may have solutions not of exponential type is perhaps to be 
expected ; it is proved by Ritt (loc. cit.) by means of an example. 
The problem of constructing a comprehensive theory of a class 
of solutions not of exponential type seems to be difficult. 


9. Exponential Sums. An interesting particular class of func- 
tions of exponential type is constituted by functions of the form 


A z(x)e* 
k=0 


where the a’s are constants and the A’s are polynomials in x. 
These functions are rich in properties and have numerous con- 
nections of importance. An expository discussion of the distri- 
bution of their zeros has been given by R. E. Langer,* with ref- 
erences to the literature. It seems highly probable that many 


* Langer, this Bulletin, vol. 37 (1931), pp. 213-239. 


« 
v=0 
n 


1934-] FUNCTIONS OF EXPONENTIAL TYPE 257 


properties of the distribution of these zeros will admit of in- 
teresting generalizations to more extended classes of functions 
of exponential type. The paper of Pélya, already cited, contains 
results which seem to point the way to a more extended investi- 
gation of this problem. If results of this sort could be obtained 
in a comprehensive form they would have intimate connections 
with several investigations of marked interest. 

10. Expansions in Series of Exponential Functions. The ex- 
pansions here intended have been investigated by Carmichael 
(Transactions of this Society, loc. cit., pp. 21-28), on whose 
work this section is based. Let us denote by h(#) the function 


(21) h(t) = + + + (n > 1), 


where the a’s are different constants and the c’s are constants 
different from zero. Let P be the smallest convex polygon, in the 
complex plane, containing the points aj, dz, - - - , dn; this poly- 
gon may in special cases reduce to a straight line segment. Let 
Q be the polygon* obtained by reflecting P through the real 
axis. 

Let Ci, Co, - - - be a set of different closed contours in the 
x-plane such that any given point on C; is either interior to 
Cj41 or on C;,; and let these contours have the additional proper- 
ties prescribed in the memoir cited (Carmichael, loc. cit., p. 23). 

Let (t) be any function of ¢ which is analytic at infinity and 
vanishes there and let us write 


(22) ({t| >). 


Let 7 be an integer such that the contour C, lies entirely within 
the region of convergence of the series in (22). Form the func- 
tion F,(x), 


= zt —1 
(23) F(x) = { h(t) 


Then F,(x) is a function of exponential type. 
Let p be any positive integer and form the function F,+,(x) 
by changing 7 tor+ in (23). Then it may be shown that 
lim F,4,(x) = 0 


* Such polygons P and Q have been employed by Pélya (loc. cit.), 


= 
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when either of the following conditions is satisfied: 

(1) when «x is in the interior or on the boundary of P and is 
not a vertex of P; 

(2) when x is a vertex of P provided in this case that y,=0. 

Let S,,,(x) denote the negative of the sum of the residues of 
the function e**{h(t)}—W(t) in the region bounded by the con- 
tours C,,»1 and C,+». If the function has no singularity in this 
region, we shall understand that S,,,(x) is identically zerc. In 
all other cases S,,,(x) is a function of the form ce” or a sum of a 
finite number of such functions. Then we have the following 
theorem (remarkable for the character of the region of converg- 
ence of the indicated series). 


THEOREM 20. The function F,(x) defined in (23) has the expan- 
sion 


(24) F(x) = >) 


in series of exponential functions, valid for all values of x in the 
polygon P, except that the vertices are to be excluded when y,+0. 
(There are cases when the series has no other points of con- 
vergence.) 


When h(t) =e'—1, the series in (24) is a Fourier series. The 
polygon P in this case reduces to the interval (0, 1) of the real 
axis. 

The foregoing theorem serves to expand in series (24) any 
function whatever that may be put in the form (23). If 4(0) #0, 
it is evident that any given polynomial in x may be put in the 
form F,(x) by taking C, to be a small circle about O as a center 
and by choosing ¥(#) properly as a polynomial in 1/t. The func- 
tion F,(x)++constant may also in other cases represent any 
polynomial whatever in x. Hence, in particular, all polynomials 
have expansions in the form (24), valid in polygons P as indi- 
cated. 

More specific results may be obtained in the case when 


ez ext 


h(t) (ext 1) 1) (epnt 1) 


(25) 


where 1, p2, - - - , Pn are 2 real or complex constants different 


k=1 
i 
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from zero and such that neither the sum nor the difference of two 
of them is zero. In this case it is convenient to normalize the 
problem by means of certain elementary transformations. If 
px has a negative real part we may replace pi by —pz by multi- 
plying both numerator and denominator in (25) by —e~*s 
and then replace x —p; by x. Hence we may (and we do) take 
the real part of each p; to be non-negative. Then the further con- 
ditions on the p’s are that they are different from each other and 
from zero. Then the point zero is on the boundary of the polygon 
P and the greatest real value of a point in P is the sum of the 
real parts of the p’s. We assume that 


— $m S arg S arg pe S arg pp, S 
It is easy to show that the points-x of P are the following: 
= +---+Anpn, S1,k = 1,2,---,m). 


In what follows we shall suppose that no two of the numbers 
px have a real ratio. 

Now we choose (as we may) the contours C;, C2, - - - so that 
C;, encloses just k zeros of h(t). Hence the terms S,+;:(x) in (24) 
may all be taken in the form ce“ so that we have to do with 
expansions of the form 


(26) F(x) = aoo+ + 


m=1 k=1 
With each of the functions 
| 


(27) 
(k =1,2,---,n;m =1, 2, 3,---), 


let us associate its reciprocal and let us call this associated func- 
tion the adjoint of the given function. If we multiply any func- 
tion whatever of the set (27) by the adjoint of any other func- 
tion in the set, we have a product of the form 


n 
k=1 


where at least one and not more than two of the integers J; are 
different from zero. There is a side of the polygon P on which 


n 
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x/p, ranges from 0 to 1; on that side we denote x/p, by \,. Then 


1 1 1 n 
f f f (1 -- dry, = 0. 
0 0 0 k=1 


If a like integral is formed with a function of the set (27) and 
the adjoint of that function then this corresponding integral has 
the value 1. Hence we have conditions of biorthogonality gener- 
alizing those pertaining to the case of Fourier series, here arising 
when n=1. Consequently we have a formal method of deter- 
mining the coefficients in series (6) for a much more extensive 
class of functions than those for which we have established the 
validity of such expansions. This suggests the generalization of 
the whole theory of Fourier series to the particular class of 
series in (26) if not indeed to the more general class involved in 
Theorem 20. 

Thus we have an indication of an important and extended in- 
vestigation where the results already known, while interesting 
and important, do little more than set the general problem 
awaiting solution. 

11. Generalizations of the Preceding Section. Suggestions of 
various generalizations of the theory sketched in the preceding 
section come readily to mind. That theory is intimately based 
upon the function /(¢) in (21) and on special cases of it. The 
function h(t) is of exponential type. The question arises whether 
there are other functions of exponential type, each having an 
infinitude of zeros, which might replace h(#) in the theory. That 
the answer is affirmative seems almost certain, though the rele- 
vant investigation has not been carried out. Different classes of 
functions of exponential type may well give rise to different 
expansion theories. The whole problem is deserving of a thor- 
ough investigation. 

It should be possible to extend the Birkhoff expansion theory 
along lines parallel to the extension of Fourier series indicated in 
the preceding section and in such a way that the natural re- 
gions of convergence of the resulting series shall be two- 
dimensional rather than one-dimensional. Nothing has been 
done in the direction of this extension. 

Any expansion theory of functions of a single variable, 
developed by such means as are indicated in the preceding sec- 
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tion, is readily extensible to the case of functions of any finite 
number of variables. While no striking novelties are to be ex- 
pected in this theory it is nevertheless worth while to have the 
theory developed. 

12. Two Ways of Scientific Advance. In the preceding sections 
we have ample indications of the fact that the theory of func- 
tions of exponential type has numerous connections with prob- 
lems of importance and that many questions concerning them 
are still awaiting investigation. In conclusion we shall indicate 
briefly two ways of scientific advance which are suggested by 
the unanswered questions to which we have referred. 

In one of the ways of investigation we treat problems of just 
as general character as possible. Here the goal is a comprehen- 
sive theory. The purpose is to open up broad territories of in- 
vestigation and to show the interconnections of related theories 
which have grown up separately. The problems are so general 
that they seldom lead to specific novelties of method. The solu- 
tions are likely to arise from extensions of known methods to 
wider problems. 

The other method of investigation relies on the intense study 
of restricted problems. One lives with the ideas and questions 
involved until they become almost incorporated into his per- 
sonality. Here lies the greatest hope of genuine novelty of idea 
and method, of discoveries which will prompt wide-reaching 
investigations. Intensive study of functions of exponential type 
would be a case in point. Another illustration would be afforded 
by the work of Stieltjes in developing his integral. 

We need to cultivate both methods of investigation. We must 
have comprehensive theories. We should also live intimately 
with restricted problems. The suggestions which we have made 
concerning functions of exponential type are commended to the 
consideration of those who are interested in this second way of 
scientific advance. 
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NOTE ON THE MOMENTS OF A BERNOULLI 
DISTRIBUTION* 


BY A. T. CRAIG 


If p and g=1—p denote, respectively, the probabilities of the 
success and the failure of an event in a single trial, then 


n! 
f(x) (x 0, 1, n), 
x! (nm — x)! 
is the probability of exactly x successes in m trials provided p 
is held constant throughout the x trials. A frequency distribu- 
tion whose relative frequencies are given in accord with this law 
of probability is sometimes called a Bernoulli distribution. 

The moments (per unit frequency) of a frequency distribution 
have long been regarded as useful characteristics of the distribu- 
tion. We shall denote the sth moment about the vertical axis 
through the origin by u/ , while the corresponding moment about 
the arithmetic mean will be denoted by u,. Thus, for the distri- 
bution given above, =>. _» **f(x), and, since the arithmetic 
mean is uy’, s=)_'_,(x —py )*f(x). While it is easy to see that 
pu =n, it is not so easy to see what the results are for s arbi- 
trary. With respect to this problem Karl Pearson remarked in 
an editorial:t “A simple reduction formula for the moments of 
a binomial (p+ q)" about its mean was sought in vain. After a 
good deal of energy had been spent, we believe that p,, being 
the sth moment about the mean, 


dad? 


is, perhaps, the easiest expression for reaching these moment 
coefficients by successive differentiation.” However, Romanov- 
skyf has derived the recursion formula 


* Presented to the Society, December 27, 1933. 

¢ Karl Pearson, Biometrika, vol. 12 (1918-1919), footnote, p. 270. 

¢ V. Romanovsky, Note on the moments of the binomial (p+-q)" about its 
mean, Biometrika, vol. 15 (1923), pp. 410-412. See also Les Principes de la 
Statistique Mathématique, 1933, pp. 39-40 and pp. 320-321. 
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du, 
dq 


for the moments about the mean. While Romanosvky’s proof 
is very elegant, it may be of some interest to know that we can 
arrive at the recursion formula with considerably less effort. 
Also, by the same simple method, we find other recursion for- 
mulas for moments. From 


> n! 

of 

t! (mn — P 

we have 

dz n! 
= n—z—1 — x) — z—1 


since =1-—gq. Thus 
= Me S86 = 

dq 4q q dq 


Also, from 


n! 
Ms = (x 


x! (n — x) 
we have 
du, x(x — np)*n! 
dq z=0 x! (n — x)! 
(x — np)*n! 


=o x)! 
ns(x — np)*'n! 


x«!(n— x)! 


= — — + 
q 


Whence we have 


1 
| 
| 
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dus 
= Pq — 


which is Romanovsky’s formula. 

It is interesting to observe that we may use the same method 
to find recursion formulas for the moments of the Poisson ex- 
ponential g(x) =A*e—*/x!, where A>0, x=0, 1,---, m, and n 
is large. Thus, from 


n 
z=0 
we have 


Also, from 
n 7 
Ms = 2; (x 
z=0 x! 
we have 
du; 1 n n 
— = — (x — —s (x — 
dx z=0 x! z=0 x! 
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and accordingly 
dp; 
=X Ms 
( 
Hence, we have 
du, 
= + 
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SOME DEFINITE INTEGRALS INVOLVING 
SELF-RECIPROCAL FUNCTIONS 


BY BRIJ MOHAN MEHROTRA 


1. Introduction. In one of his papers, Ramanujan* has proved 
formally that if 


° cos mtx 
o cosh rx 
then 

An examination of the proof shows that it rests on the fact 
that sech[x(2/2)/?] is self-reciprocal for cosine-transforms. 
The present investigation was suggested by this fact. The object 
of this note is to obtain a generalization of (1). 

Following Hardy and Titchmarsh, I will say that a function 
is R, if it is its own J, transform, and it is —R, if it is skew- 
reciprocal for J, transforms; also, for R12 and R_1, I will write 
R, and respectively. 


2. THEOREM 1. /f 
o.(t) = cos twx dx, 
0 


where f(x) 1s R. and is such that Eo f(x)| dx converges, then 
(2) u(t) = 
We have 


2 1/2 
(3) = (=) 27/2 cos twx ax f f(y) cos xy dy. 
us 0 0 


This double integral is absolutely convergent, as we see by 
comparison with 


* Ramanujan, Some definite integrals, Collected Papers, Cambridge Uni- 
versity Press, 1927, pp. 202-207. 
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Hence we may invert the order of integration in (3). Thus 
1/2 
u(t) = (=) f S(y)dy f e~#/2 cos twx cos xy dx 
0 0 


+ cos (y — tw)x}dx 


1 
= /2( 4 evtle) f(y)dy 
J 
yt 
f cosh — f(y)dy, 
0 


which establishes (2). As an illustration, (2) may be verified for 
f(x) 


3. THEOREM 2. If 
Y(t) = f sin twx dx, 
0 


where f(x) is R, and is such that S| F(@) | dx converges, then 
(4) = — 


This can be proved in exactly the same way as Theorem 1. To 
illustrate this theorem, (4) may be verified for f(x) =xe-*"/2. 


MorADABAD, INDIA 


+ Theorems 1 and 2 themselves depend upon the fact that e~**/? is R., and 
can be further generalized, but the generalized theorems do not seem to be 
very useful. 


= 
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LAGRANGE MULTIPLIERS FOR FUNCTIONS OF 
INFINITELY MANY VARIABLES* 


BY L. W. COHEN 


The purpose of this note is to extend the Lagrange multiplier 
theorem to the case of a maximum of a function of infinitely 
many variables subject to an infinity of auxiliary conditions. 
The underlying implicit function theorems used are due to 
Hart.{ The proof employs two lemmas on normal determinants 
and associated linear systems of equations which seem to have 
been overlooked. f One of these incidentally renders one assump- 
tion in Hart’s implicit function theorem redundant. 


Lemma 1. If =A and Aj is the minor of 
in the determinant then con- 
verges and the | A;;| are bounded. 


Proor. Since converges, con- 
verges. If the infinite product 
[I+] |) extended over all values of p is dominated by the 
product ax] ) and converges to a value P. A term 
of Aix, (t#k), has one of the forms 

where T is a product of factors » and the indices are all dis- 
tinct. Hence 


|Aa| | +z 


| ti, ia, in; 


where |k, t1, i2,---, is OF zero 
according as the indices are distinct or not. Now 


* Presented to the Society, December 27, 1933. 

+ W. L. Hart, Differential equations and implicit functions in infinitely 
many variables, Transactions of this Society, vol. 18 (1917), Theorems XII, 
XIII, VI. 

t Forthe normal determinant theory, see F. Riesz, Les Systémes d’ Equations 
Linéaires..., 1913. 


= 
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isi, ini 


= Anti. 


Let us assume A <1. Then 


i,k 


i,k 


IIA 


PA 


lA 
+ 
M 
| 


It is clear that | A;;| <P. The restriction A <1 may be removed 
by use of a convergence factor.* 


Lemma 2. If =A, =B, and AX0, then the 
solution x, of x: +) is such that converges. 


ProoF. The solution is given by 


1 1 
= — A jb; An 
Then 
1 
B 
|An| +—— by |, 


which, with Lemma 1, proves Lemma 2. 

Let S, T be the sets of points £, 7 with coordinates x;, y; 
such that |x;—a,| <r;<r, | <r! <r, (i=1, 2,---), re- 
spectively, and let R be the space (£, n). A function f(£, 7) 
is called completely continuous in R if to every e>O there is 
a 6,.>0 such that \f(é’, n’)—f(é”’, n’’)| <e when 
—yl’| and (£’, n’), (’’, are in R. The complete con- 
tinuity of f(£), f(n) in S, T, respectively, is similarly defined. 


IMPLICIT FUNCTION THEOREM. Jf 
(1) O:(£, n) and 0¢;/dy;, (i, 7=1, 2,---), are completely con- 
tinuous in R; 


* See F. Riesz, loc. cit., p. 38. 
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(2) 0)| Mis Min R; 
(3) converges uniformly in R; 
(4) the determinant ;| 1s not zero at (a, B) with coordi- 
nates ai, b;; 
(5) =0 in R; 
then unique solutions y;(&) of the system @;=0 exist in a neighbor- 
hood of (a, 8B) and are completely continuous in a neighborhood 
of a.* 
If 
(6) 06;/0x, are completely continuous in R; 
(7) |0¢;/dx.| <NiSN in R; 
then Oy;/Ox, exist in a neighborhood of a, the equations 
99; _ 
OX; i OY; Ox; 
are satisfied, and | d-y;/dx:| <Q; in the neighborhood. 


DIFFERENTIATION THEOREM. [f f(y) and Of/O0y; are completely 
continuous in T; 
(8’) ;|Af/dy;| converges uniformly in T; 
(9’) y;(v), dy;/dv are continuous in aSv<b and n(v) lies in T; 
(10’) (Of/du;)- (dy ;/dv) | converges uniformly in aSv3Sb, y; 
in T; then if G(v) =f[n(v)], 


dG Of dy; 


dz i Oy; dv 
We now state the Lagrange multiplier theorem. 


If n) have the properties (1), (7); f(&, Of 
Of /Oy; are completely continuous in R and f(£, n) has a maximum 
at (a, B) subject to the conditions $;(&, n) =0 in R; 

(8) >°0.0f/dy; converges uniformly in R; 
then there exist \; such that >>| ;| converges and, at (a, B), 
af 86; 
(9) + =. Ni 0, 
OVE OV: 
of 


09g; 
i Ox: 


* From Lemma 1 it follows that the assumption that >_+| Di:| is bounded 
in t, where D;; are the minors of the Jacobian of the system ¢;=0, is redundant 
in Hart’s Theorem XII. 
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ProoFr. From conditions eS (4), (8) and Lemma 2, it follows 
that (9) has a solution A; with >> APY | =) at (a, 8). The system 
¢@:=0 has solutions y;(&). Condition (8’) follows from (8); 
(9’) from (1), ---, (7); and (10’) from (6), (7), (8). Hence at 


the maximum 
(11) 


We note that 
00; OY; 
i OY; Ox; 


(12) a 


4ah, 


i,g 1 OY; 


and the convergence follows from (3). From (7) and (12) 
we have 


09; OY; 
+t 
i i Oy; Ox; 
(13) 
04; 
ti, (11), (13), (9), we have 
of OY; OV; 09; 
+ 
09; 99; 
Ox: ij Ox,LOY; i OY; 
99% 
+ = 0, 
ax, 


which is (10), and the theorem is proved. 
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A THEOREM ON FOURIER-STIELTJES INTEGRALS 
BY S. BOCHNER 


1. Introduction. If V(a) is a (complex-valued) function of 
bounded variation in <a<o, 


(1) 


then the function 


(2) f(x) = (a) 

is a bounded continuous function in — <x< We denote the 
class of these functions f(x) by B. The distribution function 
V(qa) which generates f(x) is essentially unique* and we shall 
call the number M the norm of f(x). 

A sub-class of $ is the class 8 of those functions f(x) whose 
distribution function is (real and) non-decreasing. The class of 
the latter functions coincides with the class of the so-called 
positive-definite functions for which I have recently given an 
independent characterization.{ It is immediately seen that the 
functions of $ consist of all expressions 


f(x) — + ifa(x) — 


in which fi, fe, fs, fs are any positive-definite functions. This in- 
direct characterization of the class $ is of no interest. But we 
shall describe the class S by an entirely different direct property, 
which is an imitation of a well known criterion due to F. Riesz. 


THEOREM. In order that a bounded continuous function f(x) 
be a function of 8 with norm<M it is necessary and sufficient 


* See S. Bochner, Vorlesungen iiber Fouriersche Integrale, Leipzig, 1932, 
p. 18 ff. 

¢ Loc. cit. Compare also F. Riesz, Uber Satze von Stone und Bochner, Acta 
Szeged, vol. 6 (1933), pp. 184-198; and, for the case of several variables, S. 
Bochner, Monotone Funktionen, Stieltjessche Integrale und harmonische Analyse, 
Mathematische Annalen, vol. 108 (1933), pp. 378-410. 
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that for any real numbers x,, X2,---, Xm, (m=1, 2,---), and 
any numbers C2, , Cm, we have 
(3) caf) <M- sup |X get). 

pel 


2. Remarks on the Theorem. The necessity of the condition is 
trivial; if we write 


(4) L(a;¢; x) = 
p=l 
we have 
(5) Dd ef(x,) = f L(a; c; x)dV(a), 


and (3) is an immediate consequence of (1). Before proving the 
sufficiency we shall insert a few remarks. 

We consider the space C of all bounded uniformly continuous 
functions z(¢) on a fixed finite or infinite interval a<i<b with 
the usual norm 


|| [|= sup | 2(#)|. 
0<t<b 


If the interval is finite, then, by a fundamental theorem of 
Riesz, every (continuous linear) functional Tz may be repre- 
sented in the form 


= f 2(t)dV(t) 


where V(¢) is of bounded total variation in (a, b). From this 
theorem of Riesz it is easy to deduce other theorems which in 
their wording are very similar to ours. This would suggest a 
deduction of our theorem from a generalization of the theorem 
of Riesz to the infinite interval (— «©, ©). But the theorem of 
Riesz no longer holds in all its generality for infinite intervals, 
and our subsequent proof will proceed otherwise. 

The failure of the general theorem of Riesz in the case of the 
interval (— «, 2) is illustrated by the following argument for 
which I am indebted to I. J. Schoenberg. Let S denote the com- 
pact subspace of C consisting of the almost periodic functions 


= 
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only, and let Tz be defined on S;* Tz is uniquely determined by 
the operator 
(A) = <A <0). 


If T is representable in the form 


f “s(aV(0), 


then 
= f 


and thus ¢(A) is continuous. But there are functionals Tz on S 
whose operator is not continuous, and which, therefore, are not 
of Riesz’s form; for instance, the functional 


1 
M = lm — t)dt 
{z} = lim ot 


T—« —T 


has the discontinuous operator $(0) =1, and =0 for 
Incidentally we observe that the operator $(A) satisfies the 
relation 


™m 
ith 
> , 


u=l 


p=l 


=< M- sup 
—x<t<a 


where M is the norm of the given functional T, and conversely, 
if a (continuous or discontinuous) function (A) satisfies this 
relation, then there exists a functional T with this function as 
operator. From our theorem we may therefore draw the follow- 
ing conclusion. In order that a functional Tz in the space of the 
uniformly continuous almost periodic functions be representable 
in the form of Riesz, itis necessary and sufficient that its operator 
(A) be continuous. 

Finally we shall make a remark about the set of points x for 
which the condition (3) has to be satisfied. In the wording of 
the theorem, we have required that this condition shall be ful- 
filled for any real points x,. But our subsequent proof will show 


* We recall that by a theorem of Banach and Hahn, Tz may be extended 
over C. 
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that it would be sufficient to restrict ourselves to the rational 
points, say. But we want to point out that it would not do to 
restrict the points x, to any set which is everywhere dense on the 
real axis. For instance, if the points x;,---, xm are linearly 
independent, then 


m 


p=l 

and the condition (3) is certainly fulfilled if |f(x)| <M. But it 
is not true that any bounded continuous function f(x) belongs 
to the class 8. 


sup 


3. Proof of the Theorem. For the proof of the sufficiency of our 
condition we need two lemmas. 


Lema 1. If a sequence of functions f,(x)¢B, with bounded 

norms, 

M,=M, 
is uniformly convergent on every finite interval, then the limit func- 
tion f(x) also belongs to B, and its norm is alsos M. 

Proor. Assuming that V,(—«©)=0, and taking a suitable 
subsequence of f,(x), we can add the hypothesis that the se- 
quence V,(a@) converges almost everywhere to a function Vo(a) 
for which 


| dVo(a)| < M. 


And now it follows, as in the case of positive-definite functions 
fn(x), that the limit function fo(x) has the distribution function 
Vo(a),* which proves the lemma. 


LemMA 2. If f(x) is a bounded continuous function satisfying 
condition (3), then, for each t>0, the functions 


1 t 
h(x) = 


also satisfy this condition, and for the same constant M. 
Proor. The assertion about g,(x) follows immediately from 


* Bochner, Vorlesungen tiber Fouriersche Integrale, pp. 71-72. 


| 
| 
= 
| 
| 
} 
| 
} 
| 
| 
| 
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m 


sup | >> | = sup 
a p=l a 
and 
m 1 t m 
| S —f + 7) | dr. 
p=l 0 p=l 


For fixed t>0, we have 


f 


where 


F(8) 


ll 
bdo 
a 


is a positive function. Hence 


m 
>> 


p=l 


Culte( 


u=l 


M-sup 


a 


< M-sup — B; x)| dB 


IIA 


M-sup | ¢; x) | = M-sup | L(a; c; x)|. 


Now let f(x) be a bounded continuous function satisfying 
condition (3). We form, for ¢>0, the functions 


(x) = f pie tna 
pix) = e* 'f(x), t)dr, 


1 t 
fx) = q(x + 7)dr. 


By Lemma 2, we have 


m 


Cuf 


p=l 


(6) < M-sup| L(q; c; x)]. 


But it is easily seen that f,(x) may be written in the form 


| 
| 

| 
| 
| = 
| 
| 
| 
| 
| 

| 
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jas) = 


with a transform @¢,(@) which is continuous and absolutely 
integrable in — 2 <a<. Substituting (7) in (6), we get 


L(a; ¢; x)¢(a)da| M-sup| L(a; c; x). 

Every periodic continuous function P(a@) can be uniformly ap- 
proximated by expressions (4) ; therefore 


| f P(a)$,(a)da| < M-sup| P(a)|. 
To fixed ¢>0 and any €>0 we can assign a finite number of finite 
closed intervals; let their sum be denoted by Y, such that 
¢:(a)| is essentially positive on and that the integral on 
the complementary set of | d:(a) | is <e. We can construct a 
continuous periodic function P(q@), with a suitable period, whose 
absolute value is <1, and which, on the set %, has the value 


| be(a) | 


Hence 


fii $:(a) | da 


IIA 


e+ a | d:(a)|da=e+ P(a)¢(a)da 


IIA 


ctet| 


and, if e—0, 

| d:(a)| da < M. 
Putting 

via) = 


we find that f,(x) is a function of 8, with a norm<M. For 
t-0, f,(x) converges to f(x) uniformly on every finite interval. 
By Lemma 1, f(x) is a function of 8 and its norm is = M. 
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A REMARK ON THE PRECEDING NOTE 
BY BOCHNER 


BY I. J. SCHOENBERG 


In the preceding paper in this Bulletin,* S. Bochner has 
proved the following theorem: Jf @(#) is continuous for 
— 2 <t<© and has the property that the inequality 


n 
crettré | 


r=1 


(1) 


dad) | < K- sup 


r=1 


holds for any n and for any complex-valued constants c, and real 
constants t,, then 


(2) o(t) = f 


Here is a simple proof of the following modification of the 
above theorem: Jf $(t) is measurable and the inequality 


| 


holds for every q(t) ¢ L, then there is a function of bounded varia- 
tion n(£) such that (2) holds almost everywhere. 
For let A be the space of functions g(t) ¢ L, with 


f 


and let B be the space of functions 


(3) < K- max 


= max 


= f eittdn(t), 


with lI YI = Vt(n). The space A is isometric with the space A’ 
of functions 


* Vol. 40 (1934), pp. 271-276. 

+ Compare with the note by F. Riesz, Uber Satze von Stone und Bochner, 
Acta Szeged, vol. 6 (1933), pp. 184-198, which suggested to me the present re- 
mark. 
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= 


with | gl| =max;|g|. The space B is isometric with the space B’ 
of normalized functions of bounded variation n(£), with 
|| n|| = V(n). For if g(#)=g(£) and also ¥(#)—n(é), then llal| =||¢l| 


voana =f sane. 


Since the most general linear operation in A’ is of the form 
(note that the functions of our class 
vanish at infinity), it follows from the isometric relation stated 
above that the most general linear operation in A is of the form 
S2.v@®aqdt, where y(t) ¢ B. Our assumption (3) shows that 
J*..()q(2)dt is a linear operation in A ; hence there is a function 
v(t) cB, that is, of the form (2), such that the relation 


holds for every q(t) ¢ L; hence ¢(¢) =y(¢) almost everywhere. 

Concerning the relationship between the original Theorem (1) 
and the modified Theorem (3), I might add the following re- 
mark. On one hand the modified theorem seems to be more gen- 
eral, since it takes care also of the case when the function ¢$(f) is 
defined or known only almost everywhere, in which case the con- 
dition (1) can not be applied. On the other hand, in order to de- 
rive the original theorem from the modified one, one has to show 
directly that from (1), and for ¢(#) continuous, there also follows 
(3) for any g(t) cL. It is of course true via both theorems, but 
there does not seem to be a simple direct proof available. 
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NOTE ON THE PERIOD OF A MARK IN 
A FINITE FIELD 


BY MORGAN WARD 
1. Introduction. If p is a fixed prime, and 


where ¢, - - - , c; are rational integers, is a polynomial which is 
irreducible modulo ~, the period of a mark a@ associated with 
the polynomial F(x) in the finite field 7 of order p* is funda- 
mental not only in the theory of finite fields,* but also in many 
allied arithmetical investigations involving recurring series. f 

Our information about the actual value of this period is dis- 
appointingly meagre beyond the well known facts that it is a 
divisor of p*—1 and that there actually exist polynomials F(x) 
for which the period equals p* —1. I prove here the following ad- 
ditional result. 


THEOREM. Let + denote the period of a mark a associated with 
the trreducible polynomial F(x) modulo p in the finite field F of 
order p*, and let w be the least positive value of n such that a” is 
congruent to a rational integer modulo p.t Then r=50w, where 0 
is the exponent to which norm a belongs modulo p, while 6 is an 
integer dividing the greatest common divisor of k and p—1, and 
multiplying the greatest common divisor of @ and the integer 


o =(p*—1)/(w(p—1)). 


* See, for example, Dickson, Linear Groups, 1901, Chapters 1-3. 

T If +042, is the difference equation associated with 
the polynomial F(x), the period of a is the period modulo p of every sequence 
of rational integers satisfying the difference equation. (See Ward, Transactions 
of this Society, vol. 35 (1933), pp. 600-628, and the references given there.) 
The period of @ is also the rank of apparition of the prime p for the number 
An= +Res{x"—1, F(x)} studied recently by D.H. Lehmer and others. (An- 
nals of Mathematics, (2), vol. 34 (1933), pp. 461-479.) 

t In the case k=2, w is the rank of apparition of the prime p for the Lucas 
function U, associated with the polynomial x*—c\x—c2 (D. H. Lehmer, An- 
nals of Mathematics, (2), vol. 31 (1930), p. 422). In the general case, w has 
been termed the restricted period of F(x) modulo p (R. D. Carmichael, Quar- 
terly Journal of Mathematics, vol. 48 (1920), p. 354). 
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2. Proof of the Theorem. We write as usual a| b for a divides b, 
and (a, b) for the greatest common divisor of a and b. Denote 
the roots of F(x) =0 in the finite field ¥ by a, a?, ---, a?*, 
Then 


norm a = a‘ (), 


where --- +p*" 

As in the theorem, let w denote the least positive value of 1 
such that a" is congruent to a rational integer modulo p. Then 
every other such z is readily seen to be divisible by w. In par- 
ticular, 


= = (p* — 1)/(w(p — 1)) 
is a rational integer, and 
norm a = M (9), 


where a*=M (p), (12 Msp-1). 

Let \ be the exponent to which M belongs modulo p, 6 the 
exponent to which norm a belongs modulo p, andr the period of 
ain 7. Then 


(1) T = 


where 6=(A, 

For since a&“= M*=1 (p), T| dw, and since a’ is congruent to 
a rational integer modulo w|r. Therefore, 7 =vw, where 
Then a? =a’* = M’=1 (), so that Hence v =A, 7 =)w. 

Now write \=6X’, o=60’, where (A, 7) =4, o’) =1. Then 
(norm a)” =M*=M’=1 (p), so that 6|X’. Moreover, we 
have M%=(norm a)®=1 (p), so that | 050’, d’| 60’, 
d’| 0. Therefore \’ =@ and \=6\’ = 460, r=Aw = Finally, 


(2) (8, | (k, p 1). 
For since (6, a)| (A, «) =6, and since 


= ((—1+1)* 1)/(p — 1) =k — I), 


we have (q, p—1)=(k, p—1). Therefore, since 6|\| p—1 and 
blo lq, 5| (q, p—1), it follows that | (k, p—1). Equations (1) and 
(2) give us our theorem. 


3. Conclusion. To illustrate the theorem, consider the Fibo- 


E 
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nacci series 0, 1, 1, 2, 3, 5, 8, 13, - - - giving the values of the 
Lucas function U, associated with the polynomial x?—x—1. 
This polynomial is irreducible modulo 13, so that the period of 
the Fibonacci series modulo 13 gives the period of the mark a 
associated with x? —x—1 in the finite field of order 13?. We have 
w=7, norm a= —1, 0=2, k=2,0=2, p—1=12. Hence (2) be- 
comes (2, 2) |6| (2, 12), so that 5=2. Hence the period is 28, 
which is easily verified directly. It seems quite difficult to de- 
termine the exact value of 6 in all cases.* 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


ON A PROBLEM OF KNASTER AND ZARANKIEWICZt 
BY J. H. ROBERTS 


Knaster and Zarankiewicz have proposed the following prob- 
lem :{ “Does every continuum A contain a subcontinuum B such 
that A —B is connected?” Knaster has shown,§ by an example in 
3-space, that the answer is in the negative. In the present paper 
an example is given of a plane continuum M such that every 
non-degenerate proper subcontinuum of M disconnects M. 

The point sets considered in this paper all lie in a plane. 


DEFINITION OF F(C; X, Y; €). Let C be any simple closed 
curve, X and Y distinct points of C, and € any positive number. 
There exists a finite set of points A;, As, - - - , An, (n>2), such 
that (a) Ai +Ao+ - --+A,contains X+Y, (b) Ai, Ao, ---,An 
lie on C in the order A,Ae - - - AnAi, and (c) A; and A;4; (sub- 
scripts are to be reduced modulo m) are the end points of an 
arc ¢; of diameter <e which is a subset of C not containing 
Aix. There exists a set of mutually exclusive arc segments 
01, Ve, , lying within C such that v;+#; is a simple closed 
curve w; of diameter <e. Let J denote the simple closed curve 


* See the discussion at the close of my paper, Transactions of this Society, 
vol. 33 (1931), p. 165. 

¢ Presented to the Society, December 1, 1933. 

t Fundamenta Mathematicae, vol. 8 (1926), Problem 42, p. 376. 

§ B. Knaster, Sur un continu que tout sous-continu divise, Proceedings of the 
Polish Mathematical Congress, 1929, p. 59. 


— 


282 J. H. ROBERTS [April, 


DT Aiton. There exist m infinite sequences of simple closed 


curves C;;, (t=1, 2,---, m;j=1, 2,--- ), such that (i) Ci; 
contains A; but otherwise lies within J, (2) the sequence 
Ca, C2, Cs, - - - has as sequential limit set the arc A;+2;+A i41, 


(3) Ci; is of diameter <é, (4) Ci =A;, (jk), and =0, 
(i#h), and (5) no point of C;; lies within any Cx. The set 
F(C; X, Y; €) is defined as the sum of all the curves C;; and the 
CUrVeES W;: 


=> E + 


i=1 j=1 


DEFINITION OF M. Let E be any simple closed curve, X and Y 
any two points of E. Let K; denote a set F(E; X, Y; 1). Then 
K,=)-. E,;:, where for each 7, Ej; is a simple closed curve of 
diameter <1, and the common part of E,; and the sum of the 
other curves Ey, Ew, - - - either is one point, or is two points. 
Thus £;; contains distinct points X,; and Y,; such that no other 
point of E,; belongs to E,;,(i4j). For each i let Gi; be a set 
1/2) and let Ke be GutGpt+ 

Suppose K,, Ke, - - -, Kn, (n>1), have been defined, K, being 
as defined above and, for each 7, the following properties obtain: 

I. K; is the sum of a countable set of simple closed curves 

II. Each curve E;, has, in common with the sum of the other 
curves Ex, Ej2, - - - , either one point or two points. 

III. X;,and Y;, are distinct points of E;, such that no other 
point of E;, belongs to the sum of the other curves Ei, Ex, - - - 

IV. No point is common to the interiors of two curves Ej, 
and (h¥k). 

V. Kiss, (¢<n), is a subset of the sum of K; and the interiors 
of all the curves En, Eye, - - - 

VI. The subset of K;.:, (é<m), which lies on and within Ej, 
is a set F(Eix; Xin, Yin; 1/[i+1]). 

For n =2, the sets K; and K> defined above have these proper- 
ties. For each i,(i<m), let U; be the set of all points of K;, each 
of which belongs to at least two curves of the set En, En, ---, 
and let D; denote K; plus the interiors of all the curves Eu, 
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For each k let G,x be a set Xnz, 1/[n+1]), and let 


Kui be GutGiaet ---. Then it readily follows that the se- 
quence Ki, Ke, ---, Kn, Kny1 has the properties I-VI above. 
Hence there is an infinite sequence Ki, Ke, - - - with properties 


I-VI, K, being a set F(E; X, Y; 1). Let M be Ki+ K+ --- 
plus all limit points. This is the same as the common part of 


PROOF THATM —H Is NOT CONNECTED. Suppose H is a non- 
degenerate proper subcontinuum of M. Suppose M—/His con- 
nected. Now the components of M—U, are of diameter <1/n. 
Hence there exists an ” such that H contains a point P of U,. 
It will be shown that if H contains a point of U,, then it con- 
tains all of U,. In view of this, and the fact that U, is a subset 
of U,41 and that M=(U,+U2+ - - - ) plus limit points, it fol- 
lows that H = M, which is a contradiction. 

It remains to show that if H contains a point P of U,, then 
it contains all of U,. Let h be such that P belongs to E,,. The 
subset of which lies on and within E,, is a set F( Ena; 
Yun; 1/[n+1]). The points of Uns; in this set can be la- 
beled B,, Bo, ---, Bz, so that they lie on E,, in the order 
B,B, - - - B,B,. Now each of the infinity of components of 
Knii—B; is a subset of a different component of 4 —B;. Hence 
if H contains B;, and M—AH is connected, H must contain all 
save one of these components. But B;,,; is a limit point of the 
sum of the components of K,4,—B;. Hence, if H contains B;, it 
contains B;,;. But for some 1, P=B;. Thus A contains all the 
points of Uns, on En,, and therefore the one or two points of 
U, on E,,. Now any two curves E,, and E,:z, of the set 
En, Enz, - - -, can be joined by a finite chain Z;, Le, - - -, L, of 
curves of the set En, Eno, - - - , Ly having a point in common 
with E,,, L; having a point in common with Lj41, (t<e), and L, 
having a point in common with £,,. Since these common points 
are in U,, and H contains a point of U, in Ens, it readily follows, 
by repeated application of the above argument, that H con- 
tains every point of U, in E,,+2it+22+ --- +2.+En, and 
therefore H contains every point of U,,. 
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THE PROBABILITY LAW FOR THE SUM OF n 
INDEPENDENT VARIABLES, EACH SUBJECT 
TO THE LAW (1/(2h))sech(ax/(2h))* 


BY W. D. BATEN 


1. Introduction. Let the probability of selecting the chance 
real variable x from the interval (x, x-+dx) be to within infini- 
tesimals of higher order, the quantity (1/(2h)) sech (rx/(2h))dx. 
This hyperbolic secant probability or frequency function has 
been used by others. Roa considered this function in many de- 
tails as a generating function for frequency functions and gave 
numerical tables pertaining to it.t Fisher obtained as a special 
case a type of this frequency law for the frequency of the 
“intraclass” correlation coefficient.{ Dodd investigated this 
probability function as a particular case when considering 
measurements under general laws of errors.§ The author ob- 
tained the law for the sum of m independent variables when 
each is subject to this hyperbolic law but was not able to express 
the sum function without the use of an integral.|| 

The object of this article is to find the probability function 
for the sum )_;-1x; when each variable x; is subject to the prob- 
ability function (1/(2h)) sech (1x;/(2h)), or to find the proba- 
bility to within infinitesimals of higher order that 


us Sut du. 
i=1 
2. Case 1: n Finite. If a general method due to Dodd§ be 
applied to this hyperbolic secant law, the probability law for 
the sum of m independent variables is 


* Presented to the Society, June 22, 1933. 

¢ E. Roa, A number of new generating functions with applications to statis- 
tics, Thesis, University of Michigan, 1924. 

1 R.A. Fisher, On the probable error of a coefficient of correlation deduced from 
a small sample, Metron, vol. 1 (1920-21), pp. 3-32. 

§ E. L. Dodd, Functions of measurements under general laws of errors, Skan- 
dinavisk Aktuarietidskrift, 1922, No. 3, pp. 134-158. 

|| W. D. Baten, Frequency laws for the sum of n variables which are subject 
to given frequency laws, Metron, vol. 10 (1932), No. 3, pp. 75-91. 

GE. L. Dodd, The frequency law of a function of variables with given fre- 
quency laws, Annals of Mathematics, (2), vol. 27 (1925-26), p. 13. 


— 


1934-] A PROBABILITY LAW 285 


= f + cos (ux/h)dx. 
0 


The remainder of this section will be devoted to evaluating 
this definite integral for even and odd values of u. In order to 
make this evaluation clearer for any value of let us first con- 
sider the case when 1 is equal to 4. The sum function is 


= f (e* + cos (ux/h)dx, 
0 


which can be found by integrating F,(z) =e™/*(e*+e-*)+* 
around the contour C consisting of the following lines: 

(a) the x-axis from —R to +R, where R is large, 

(b) the lines z=+R+~yi, 

(c) the line z=7i+x. 
The only pole within the contour C is (7i/2). By Cauchy’s 
residue theorem, we have 


1 


Cc 


1 R 


(e” + 


1 


(1) 


0 
f (e-Rtvi 4. Ihidy 
xi 


1 


f (e®tvi e~R-vi) lhidy 
0 


the residue at (ri/2), 


since the integral of F,(z) exists for h and u real quantities. The 
last two integrals approach zero as R becomes infinite, for 
lim Fy(+ R+ yi) = 0. 
The residue at z=7i/2 is also the coefficient of z~'! in the 


Laurent expansion of F,(z) around this point. Let z=7i/2+w; 
then the residue of F,(z) at 2i/2 is the residue of Fi(a7i/2+w) 


= 
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at w=0. The function F,(7i/2+w) in the neighborhood of w=0 


may be written in the form 


(2h) 


(2w)4 


(= 
—), 


and, by definition, g.(0)=1/2. The function g,(w) is analytic 
and can be expanded in a Maclaurin series in the neighborhood 
of the origin, hence 


ga(w) = ga(0) + (O)w + gi’ (0)w*/2 + g'"(0)w*/3! + qu(w), 


eiuwlh -gs(w), 


where 


where q,(w) is the remainder after the fourth term in the Mac- 
laurin series representing g,(w). To find the coefficient of w-! 
it is necessary to find the values of the first, second, and third 
derivatives of g,(w) at the point w=0. Newsom* obtained the 
following formula which will be used to find these derivatives 


at w=0: 

d’ w \* d’ 2iw 
- a, 


= "9 


(2) 


in which k is any given positive integer 22, 1Sr<k—1, and 

where > aa - - - a, denotes the sum of the (*7') products of r 

factors each formed by taking the possible combinations of the 

(k—1) quantities +(k—2)i, +(k—4)i,---, i, rat atime; 

i having the usual interpretation, 7= (—1)'/*, and where {2%} is 

understood as +7 or 0 according as is odd or even. 
Substituting w= y/i in (2), we may write 


dw’ \sin w dy’ Vi 


*C. V. Newsom, On the derivatives of (w/sin w)* at w=0, American 
Mathematical Monthly, vol. 38 (1931), pp. 500-504. 
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from which the first three derivatives of g.(w) at w=0 can be 
found. Using these values, we find 


ga(w) = [1 — + gu(w)]; 


hence 


F((xi/2 + w) = 


h 2h? 


4w? 


and hence the coefficient of w—! is found to be 


(ah) ( u?w? 


— (2h) 


By using this residue and by allowing R to become infinite in 
(1), we find that the probability law for the sum of four va- 
riables is 


u-csch (xu/(2h)) 
p.(u) = (u? + 4h?). 


The probability function 
Pon(u) = f (e* + e-*)-*" cos (ux/h)dx 
0 


may be obtained in a similar way. To obtain this, it is necessary 
to find the coefficient of w—! in the Laurent expansion of 


(2h) piuw/h 2n—1 
Fe,(xi/2 + w) —-| £2n (0) | 
(2w)* r=0 r! 


= 2w 2n 


and - (0) is the rth derivative of go,(w) at 0, and g2,(w) is the 
remainder after the 2mth term in the Maclaurin series repre- 
senting ge,(w) in the neighborhood of w=0. According to New- 
som’s Theorem, we have 


where 


Fy 
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(2h) uw (iuw)? 
+ w) = | h 21h? 
(2n — 1)!h2"-1 


2n—1C2 2 4 ! 
(2n — 2)! 


+ w? w4 


+ + | 


from which the coefficient of w—! is found to be 


2n—2 2 2n—4 4 2n—6 


The quantity in brackets is a polynomial in u? whose roots are 
equal to —(2rh)?, where r=1, 2, - - - , n—1. From this residue 
the probability function for the sum u =)_?“,x; is found to be 


u-csch (ur/(2h)) ] 
(4) = 2 2rh)? |. 
Pon(u) — 1) « + (2rh) 


In a similar manner it can be shown that 


sech (xu/(2h)) ==} 
Ponsi(u) = (2r 
3. Case II: n Infinite. By Liapounoff’s theorem* the prob- 
ability that 


4(2B,)'/? < u < 


ts 
f e~*'dt 
t 


approaches 


* Liapounoff, Sur une proposition de la théorie des probabilités, Bulletin 
de L’Académie de St. Petersbourg, (5), vol. 13 (1900), pp. 358-386. 
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uniformly, where B, is 1 times the second moment about the 
mean of the frequency distribution of the individual variable x, 
and #; and f are any real numbers. The probability that 


4(2B,)'/? < u < t(2B,)'/? 


t,(2B,)1/2 
f pn(u)du, 
t 


1(2B,) 4/2 
and hence this expression approaches uniformly 


te 
2 
rin f e~* dt 
t 


as n approaches infinity, or 


t,(2B,)1/2 
lim pr(ujdu = 4-1/3 f dt, 
¢,(2B,)1/2 ty 
or 
ts 
lim |du 


te te 
= lim 2hn'/2 Pr(2hn'2u)du = 71/2 J dt, 
ty t 


1 


since (2B,)/?=2hn'. Since the hyperbolic secant law, 
(1/(2h)) sech (xx/(2h)), is of bounded variation and the third 
moment of the absolute values of the chance variable x is finite, 
this function, or law, satisfies conditions mentioned by Cramér;* 
hence, according to Cramér’s theorem, 


On page 290 are plotted 2h and 


* Cramér, H., On the composition of elementary errors, first paper; Mathe- 
matical deductions, Skandinavisk Aktuarietidskrift, 1928, Nos. 1-2, p. 63. 


is 
‘ 
| 
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4. By-Products. The function 
10] 


2nu csch [4nu? + (2r)?]. 
(2% — 1)! 


(3) 


Let m become very large and then substitute zero for u in (3). 
This should give a value near the value of 7~/?-e-“" at u=0; 
hence 


-] 0 


22"(n!)2 
—» or ——-— 
(2n) !(an)*/? 
Dividing both numerator and denominator by (2-4-6- - - - -2n) 
and squaring, we find 
2-2-4-4-6-6- — 2)(2n — 2)2n 
— 


which is a form similar to Wallace’s formula. 

When 1 is odd, a similar expression can be found which leads 
to this formula of Wallace. 

If in pon(u) and pons;(u), u be allowed to be zero, the following 
definite integrals are evaluated: 


1 n—1 


t —ht\—2n 2 
J + cos (ut)dt = — (2rh) 


— Ath’ 
r[(2n+1)/2] 1 
+ 22041 


Tue UNIVERSITY OF MICHIGAN 


| 
1 2 


1934] ENUMERATIVE PROPERTIES OF CURVES 291 


ENUMERATIVE PROPERTIES OF r-SPACE CURVES* 
BY B. C. WONG 


In the determination of enumerative properties of algebraic 
curves it is often convenient to decompose a given curve C* of 
order m and genus # to be studied into a number of component 
curves the sum of whose orders is equal to ». We may decompose 
C” in various ways but we find it most convenient to decom- 
pose it completely into m lines with »—1+% incidences. We 
call the system formed by these m lines an n-line or a skew 
n-sided polygon I with n—1+> vertices. To determine the 
enumerative properties of the given curve C”, we, in this paper, 
determine certain enumerative properties of T and then inter- 
pret the results for C*. We shall obtain in this manner a number 
of results for C” some of which are already well known and the 
others are less well known or are new. 

Let the symbol {n}.“,,.. .z, denote the number of groups 
each consisting of x1+x2+ --- +x, sides which are arranged 
in g sets such that each set contains x; consecutive sides and 
that any two sets are separated by at least s consecutive sides 
not contained in them. Thus, {n}9) means the number of 
pairs of non-consecutive sides of I. If g=1, we have {n}® 
or just {n}., which is the number of groups each of x; con- 
secutive sides. The symbol {n} or {2} means the number of 
groups each containing no members and is therefore equal 
to unity. Hence, 


(1) {n}) = {n} =1. 


The following formula can be easily verified or can be proved 
by the method used below: 


(2) {n} (x1 1) + = 1)p. 


The number of groups each consisting of g pairs of intersecting 
sides (or the number of groups of g non-consecutive vertices) 
of T is known? and is given by 


* Presented to the Society, November 28, 1931. 
t This result is given without proof by B.C. Wong, On loci of (r —2)-spaces 
incident with curves in r-space, this Bulletin, vol. 36 (1930), pp. 755-761. 
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The formula for the number of groups of g non-consecutive sides 
of T is, as we shall see, 


+1-—q-2 


q— 1 


where t=q/2 for g even and t=(q—1)/2 for g odd. 
Now we proceed to the determination of {n}®.,. cay We 
may assume 


where M is the required number when p=0 and WN and N’ are 
functions of m and p, each containing p as a factor. 

To find the value of M, let T be an open polygon, that is, 
a system of m lines 1, lz, - - - , 1, such that 1; meets /2, 1, meets 
meets /, but 1, is skew to 1;. This polygon has »—1 
vertices, the minimum number it can have without becoming 
composite. By the simple process of counting, we find 


q 


This is verified for n = =x;+qs—s, which gives M =q!. 

To determine N, we notice that is the number of additional 
vertices [T may possess over and above the minimum, u—1. 
Let a general T with n—1+> vertices be given. Consider two 
series of consecutive sides d2,--- , and di, be, - - - , respec- 
tively. If all the a’s are skew to all the d’s, then ai, d2,--- , @z, 
and bi, b2, - - - , bz, form two distinct sets and so do bi, be,- °°, 
and ai, , Now let a, and 5; meet. The point of 
meeting is then one of the p additional vertices of T over and 
above the minimum. For each additional vertex we have x;—1 
additional sets given by a, a-1,---, @1, 51, b2,- 
(A=1, 2, --- ,*;—1). Since each of these sets is to be combined 
with g—1 other sets chosen from the (n —x;—2s)-sided polygon 
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I’ obtained from IT with the x;+2s consecutive sides aa+., 
, G1, by, be, -- , removed, we have 


N= > (x; — 1){n — x; 
i=0 


Now it is necessary to deduct a certain number N’ of groups 
arising from the supposition that a, and ), are incident. Every 
group containing a pair of sets da41, Gay2,°° Gayz,3 
bs42,, where OSa+f8<s—1, is to be deducted, as 
these two sets are separated by only a+ sides, namely, da, 
°° * , 41, 01, be, - - - , bg. These two sets are to be combined 
with g—2 other sets chosen from the (n—x;—x;—2s—a—8)- 
sided polygon obtained from [ with the a+$+x; + x;+2s 
be,---, bg,---, removed. Hence, the 
number of groups containing these two particular sets is, for 
all different values of 7 and j from 1 to gq, 


q 


By interchanging the a’s and the b’s we have twice this number; 
and by allowing a and £ to take on all the permissible values, 
we have, remembering the factor #, 


& q 
ix; 


Then, the result for T which we started out to derive is the 
recursion formula 


(s) 24x; — gs q + $ 


(x; — 1){n —x- 2s} 


ten 


(s) 


= 
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In the derivation of this formula we have tacitly assumed 
that all the x’s are different. If ¢ of the x’s are alike, the right- 
hand member is to be divided by ?#!. The following result, 
obtained in somewhat the same manner as above, is more 
general : 


{ (s) 
(B) {n} zy? 


ixj 


(s) 


This gives the number of all the groups each consisting of 
----+x,% sides arranged in tit¢.+--- +4 sets 
such that ¢, of these sets contain each x; consecutive sides, f2 
contain each x2 consecutive sides, etc., and such that all the sets 
are separated from one another by at least s sides. 

_In the expansion of these formulas, replace () (2) wherever 
it” appears by (,4,). The necessity of this replacement is due 
to, the nature of the combinatory ideas involved or can be easily 
shown by calculation of known cases. 

Putting s=0, v=1, x1=2 in (B) or putting s=0, x1=x2 
= +--+ =x,=2 in (A) and dividing by q!, we have formula (3). 
For s=1, x1=x2=--- =x,=1, (A) gives g! times (4), and 
for s=1, v=1, x,=1, (B) gives exactly the result (4). 

Now we are going to derive a few results for curves. Consider 
a general curve C” in S;. Since two skew lines have one apparent 
intersection or apparent double point, the number of apparent 
double points_of C* is equal to the number of pairs of non- 
intersecting sides of TI and is therefore given by 


= ("7 ') 
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The plane of a conic taken twice may be regarded as its 
developable. Hence, the order of the developable surface of 
C* is twice the number of pairs of consecutive sides of I and 
is, therefore, 


2{n},= 2n—1+). 
Similarly, the developable V» of C” in S, is of order 


m{n} = m|[n — (m — 1) + (m — 1)p]. 


Also, the number of hyperosculating hyperplanes of C” passing 
through a given point of S, is 


=r[n — (r—1) + — 19], 
and the number of hyperstationary tangent S,_1’s is 
(r+ 1){n} (r+ 


The number of quadrisecant lines of a C* in S; is obtained 
from the following consideration. Any four general skew lines 
have two transversals. If they intersect in pairs or if two of them 
intersect only, there is only one transversal. Hence, the re- 
quired number is 


(1) (1) 


2{n} + in} et 


It is not difficult to see that the same number is also given by 


n n—2 (1) 
Either case yields the same required expression 


— 2)(n — 3)?(n — 4) — +50 


In the same manner, the order of the surface of trisecant 
lines is found to be 


= — — — 3) — — 29. 


Since three conics in S; not all lying in the same plane have 8 
common tangent planes, we say that the number of tritangent 
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planes of C” in S; is 8 times the number of planes each contain- 
ing three non-consecutive vertices of I and is therefore 


4790) 


Similarly, the number of hyperplanes tangent to a C* in S, at 
r distinct points is given by 


As we have already given examples sufficiently numerous to 
illustrate the method used, we shall record just one or two 
more results without explanation, the symbols themselves being 
indicative of the meaning. 

The number of (r+1)-secant (r—1)-spaces of a C* in a 
2r-space Se, is 


where t=(r+1)/2 if r is odd and t=r/2 if r is even. 
As another result we have the order of the V; formed by the 
«1! quinti-secant planes of a C* in Sy given by 


nN n—2 n—A4 
5 3 1 


a (1) f (1) (1) 


The calculation of either yields 


4 
(n — 4) )- 3 p+ (n — 
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A NOTE ON THE JACOBI CONDITION FOR 
PARAMETRIC PROBLEMS IN THE CALCULUS 
OF VARIATIONS* 


BY M. R. HESTENES 


1. Introduction. An elegant treatment of the Jacobi condition 
for parametric problems in (y; - - - y,)-space has been given by 
Bliss.t He defines conjugate points in terms of solutions 7; of 
the Jacobi equations which satisfy the relations y/ 7;=0. With 
the help of these solutions he establishes criteria for conjugate 
points in terms of the general solutions of the Jacobi equations. 
Since there are but 2” —2 linearly independent solutions 7; satis- 
fying the conditions y/ 7;=0, the treatment given by Bliss is 
quite different from that usually given for non-parametric prob- 
lems. It is well known that the methods of Bliss are still applica- 
ble if the equation y/ 7;=0 is replaced by an equation such as 
yi ni’ =0, y/ n/ =constant, and others.{ In the present paper we 
use the equation y/ 7/ =constant in defining conjugate points 
and obtain the same results as Bliss. The method used is, how- 
ever, quite different from that of Bliss and has the advantage 
that it is almost identical with that usually given for the non- 
parametric problems. This follows because there are 2m linearly 
independent solutions of the type considered in this paper. Other 
equations for which the method here used is still applicable are 
also discussed. 


2. The Necessary Condition of Jacobi. The problem to be con- 
sidered is that of minimizing an integral 


te te 
ty 1 


t 


* Presented to the Society, June 23, 1933. 

{ Bliss, Jacobi’s condition for problems of the calculus of variations in para- 
metric form, Transactions of this Society, vol. 17 (1916), pp. 195-206. 

t Graves, Discontinuous solutions in space problems of the calculus of varia- 
tions, American Journal of Mathematics, vol. 52 (1930), p. 17. See also Wren, 
A new theory of parametric problems in the calculus of variations, Contributions 
to the Calculus of Variations, 1930, The University of Chicago Press, pp. 175- 
185. 


— 
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in a class of arcs y;=y;(t), i=1,---, ), which join 
two fixed points 1 and 2 in (y; - - + y,)-space. The hypotheses 
upon which our analysis is based are those of Bliss.* The nota- 
tions are also those of Bliss except that we use the tensor analy- 
sis summation convention instead of matrix notation. 

A non-singular arc is one whose determinant 


ty iy,’ yi 
ye 0 


is different from zero at each element (y, y’) on it. A non-singu- 
lar minimizing arc Ey» without corners is always an extremal 
arc. Moreover, the parameter ¢ can be chosen so that the func- 
tions y;(#) defining Ey. have continuous third derivatives. f 

We define a function 2w(t, 7, 7’) to be the function Q(n, n’) 
used by Bliss. Along a non-singular minimizing arc Ey, without 
corners the second variation of the integral J is expressible in 
the form 


ts 
f 2w(t, n’)dt, 
ty 
and this expression must be 20 for every set of admissible va- 
riations 7;(¢) which vanish at #, and fe. 
The Jacobi equations are the equations 


= (d/dt)o,,» — = 0. 


They satisfy the relations y/ J:(n)=0 and hence are not in- 
dependent. They are satisfied identically by the functions 
ni=p(t)y’, where p(t) is an arbitrary function possessing con- 
tinuous first derivatives.{ 

A special solution n; of the Jacobi equations is defined to be 
one which satisfies identically the equations y// =constant. 
Every special solution satisfies with \=0 the equations 


(1) Sun) = 0, + yl = 0. 


Conversely every solution 7;, \ of these equations has y/ n/ 
=constant, and \=0 on account of the relations y/ J;(n) =0, 


* Loc. cit., p. 196. 
T Bliss, loc. cit., pp. 197-198. 
t Bliss, loc. cit., p. 201. 
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and hence the functions 7; define special solutions of the Jacobi 
equations. Since Ey, is non-singular, equations (1) can be solved 
for the variables 7’’, X. In the solutions the values for \ and 
ni’ have the form \=0, since y/ J:(n) =0, and 


(2) ni’ = Au(t)m + Buln’. 


A solution 7; of the Jacobi equations is therefore a special solu- 
tion if and only if it also satisfies equations (2). The usual exist- 
ence theorems for differential equations now tell us that through 
each element (to, 710, nio’ ) there passes one and only one special 
solution 7;. Hence there exist 2” linearly independent special 
solutions. 

A point 3 is said to be conjugate to the point 1 on Ey if there 
exists a special solution 7;=u; of the Jacobi equations whose 
functions u;(#) vanish at #, and # but are not identically zero 
on ff3. With this definition in mind the following necessary con- 
dition can be proved readily by the methods of Bliss.* 


THEOREM 1. THE NECESSARY CONDITION OF JACOBI. On a 
non-singular minimizing arc Ey. without corners there can be no 
point 3 conjugate to 1 between 1 and 2. 


In the proof of this theorem it is found by the methods of 
Bliss that if there were a special solution u; defining a point 3 
conjugate to 1 between 1 and 2 on Ey, then this solution would 
take the values u;=0, u/ =cy/ at t=t. There is but one special 
solution taking these values at t=, namely, the solution 
u;=o'(ad+b)y/ , where ag’?(ts) =c, b= —adg(ts), and 


t 
(3) o(t) = f dt/(yi 
ty 
as is readily verified by substitution. This solution, however, van- 
ishes at t=% only in case a=b=c=0, that is, only in case u;=0. 
It follows that there can be no point 3 conjugate to 1 between 
1 and 2 on Ey, as was to be proved. 


3. The Determination of Conjugate Points. Let Ey be a non- 
singular extremal arc whose parameter ¢ has been chosen so that 
the functions y;(¢) defining E,2. have continuous third derivatives. 


* Loc. cit., p. 200. 
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Lemma 1. A set of 2n special solutions ui,, (s=1,---, 2m), 
of the Jacobi equations have a determinant 


| is(t) 
| wis (#) | 


which is either identically zero or else everywhere different from 
zero. 


(4) 


This result is a consequence of well known theorems on linear 
homogeneous differential equations of the second order ap- 
plied to equations (2). A further consequence of these theorems 
is that every special solution u; is expressible linearly with con- 
stant coefficients in terms of 2” special solutions u;, whose de- 
terminant (4) is different from zero. The following two lemmas 
can now be established by the usual methods.* 


Lemma 2. The points 3 conjugate to 1 on Ey. are determined by 
the zeros ts~t, of the determinant 


uis(t) 
Uis(ty) 


formed for 2n special solutions u;, of the Jacobi equations whose 
determinant (4) is different from zero, 


(5) A(t, i) = 


Lemna 3. If the functions u;x(t),(R=1, - - - ,n), define n linearly 
independent special solutions of the Jacobi equations which vanish 
at t=t,, then the points 3 conjugate to 1 on Ey. are determined by 
the zeros t;~t, of the determinant | uix(t)| . 


We also need the further lemma: 


LemMA 4. Every solution n; of the Jacobi equations has asso- 
ciated with it a two-parameter family of special solutions 


’ 


where 
t 

(6) p= (apg +b+ f yini ¢'dt), 
ty 


o(t) ts the function (3), and a, b are arbitrary constants. 


* See, for example, Bliss, The problem of Lagrange in the calculus of varia- 
tions, American Journal of Mathematics, vol. 52 (1930), pp. 727-728. 
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This result is readily obtained by solving for p in the equa- 
tions 


= yin’ — p'yiyi — pyi’ yi = — 


From Lemma 4, with a=b=0, it follows that every set of 
2n—2 solutions u;,, (¢=1, - - - , 2n—2), of the Jacobi equations 
has associated with it a set of 21—2 two-parameter families of 
special solutions v;, = ui,—payi . Moreover, the functions ¢¢’y/ , 
¢’y/, where ¢ is the function (3), also define special solutions, 
as is easily seen by substitution. The determinants (4) and (5) 
formed for the 2m special solutions v;,, ¢¢’y/ , ¢’y/ are equal, 
respectively, to 


¢7d(t), 4), 


where 
d(t) = Ui q(t) 0 yr 
D(t, ti) = 
g(t) 0 yi (t1) 


Since ¢’>0, the zeros of D(t, t)) are identical with those of 
A(t, t:). Hence, by the use of Lemmas 1 and 2, we obtain the 
following theorem of Bliss. 


THEOREM 2. The determinant d(t) formed for 2n—2 solutions 
Uig,(Q=1, - - - ,2n—2),of the Jacobi equations is either identically 
zero or else everywhere different from zero. Moreover, the points 3 
conjugate to 1 on Ex. are determined by the zeros ts~t, of the de- 
terminant D(t, t;) formed for 2n—2 solutions u;, whose determt- 
nant d(t) is different from zero. 


We can also prove the further criterion for conjugate points 
given by Bliss. 

THEOREM 3. If the functions u;,(t), (r=1, --- , m—1), define 
n—1 solutions of the Jacobi equations whose matrix 


l| tir 0 | 
(7) | 


yi yi’ 


has rank n+1 at t=t, while the determinant 


D(t) =| uit) 


z 
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has rank 1 at t=, then the points 3 conjugate to 1 on Ey are de- 
termined by the zeros t3~t, of D(t). 


In order to prove this we note that since D(t;) has rank 1, 
there exist constants c, such that u;,—c,y/ =O at t=. By taking 
a=0 and b=c,/¢'(t) in Lemma 4, it is found that the m—1 solu- 
tions u;, have associated with them m—1 special solutions 
Vir =Uir— such that p,(t:) =c, and hence such that 2;,(t,) =0. 
As above, it is easily seen by substitution that the functions 
define a special solution having 7;(¢,) =0. The spe- 
cial solutions »;,, v; are linearly independent since the matrix 
(7) has rank +1. Moreover, the determinant | vir v;| is equal 
to ¢¢’D(t). Its zeros, therefore, coincide with those of D(#) since 
¢’(t) >0. The theorem now follows from Lemma 3. 


4. Other Types of Special Solutions. In §§2 and 3 above, the 
equation y/7/ =constant was used in order to define special 
solutions. We could use instead any equation which is equiva- 
lent to one of the form 


yini’ + C(t)ni + Di(t)ni = 0 


and which has a two-parameter family of solutions of the form 
ni= |api(t)+bpe(t) |y/ (t) with the property that for every pair 
of constants (a, b)#(0, 0) the expression api+bp2 vanishes at 
most once on the interval under consideration. The equations 
yi ni=at+b and y/ n/ =ay/ y/ , for example, have this property, 
as one readily verifies. 

It is interesting to note that the special solutions used in §§ 
2 and 3 above are closely related to extremal families having 
arc length as their parameter. If the functions 


define a (2n—2)-parameter family of extremals containing Ey» 
for =Cgo, (q=1, - - -, 2n—2), and having arc length as param- 
eter, then along Ey the derivatives yia, Viv, Vicq Of the func- 
tions y;(at+5, c,) form 2 special solutions having the proper- 
ties described in Lemmas 1 and 2. In order to prove that these 
derivatives define special solutions one needs only to differ- 
entiate the identity y/y/ =a? with respect to a, b, c, and set 
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ALGEBRAIC DIFFERENCE EQUATIONS* 
BY J. F. RITT 


1. Introduction. It was observed by J. C. Charles in 17887 
that non-linear algebraic difference equations of the first order, 
even if algebraically irreducible, might have more than one solu- 
tion involving an arbitrary periodic function. For instance, 


(1) y = (x+ 0)’, 


where ¢ is an arbitrary function of period unity, is a solution of 
(2) + 1) — y(x)}* — + 1) + +1 = 0. 


The first member of (2) is irreducible, in the domain of rational- 
ity of all constants, as a polynomial in y(x+1) and y(x). Still (2) 
admits, in additon to (1), the solution 


(3) y = + 


where cis a function of period unity. The complete solution of (2) 
is given by (1) and (3). 

Although the formal aspects of non-linear algebraic difference 
equations intrigued considerably several of the early French 
analysts, the general theory of such equations appears to have 
received, as yet, but scant attention. The first move towards a 
comprehensive theory seems to be contained in a recent paper 
by J. L. Doob and myself,f in which a definition was given 
of irreducible system of algebraic difference equations, and in 
which it was shown that every system of such equations is 
equivalent to a finite set of irreducible systems. The problem 
now is one of studying irreducible systems. Until an adequate 
existence theory is developed for systems of non-linear differ- 


* Presented to the Society, March 31, 1934. 

t See Biot, Journal de l’Ecole Polytechnique, vol. 4, cahier 11 (1802), 
p. 182; Poisson, ibid., p. 173; Boole, Calculus of Finite Differences, 3d edition, 
(1880), Chapter 10. 

t American Journal of Mathematics, vol. 55 (1933), p. 505. (Designated be- 
low by a.) 
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ence equations,* progress in the study of irreducible systems 
will necessarily be mainly of an algebraic nature. 
In this note, I shall study an algebraic difference equation 


(4) A[y(x + 1), »(x), x] = 0, 


where A is a non-factorable polynomial in y(x) and y(x+1), 
with coefficients which are analytic functions of x. I shall de- 
rive a result which is roughly to the effect that if A is of degree 
pin y(x) and of degree r in y(x+1), the number of solutions of 
(4) which involve arbitrary functions cannot exceed the smaller 
of p and r. 

The formulation and proof of this result will be based on the 
above mentioned paper of Doob and myself, and on the fourth 
chapter of my book Differential Equations from the Algebraic 
Stand point. 


2. The Theorem. We use the terminology of a. Let A be a 
difference form in y, of the first order, with coefficients in a field 
¥. We assume that A is algebraically irreducible, that is, that A 
is not the product of two forms of class unity. 

It is conceivable that, in the decomposition of A into irre- 
ducible systems none of which holds any other,f there is a sys- 
tem which is held by a form of zero order, that is, a polynomial 
in y(x). Throughout our work, an irreducible system which is 
not held by any form of order zero will be called a c-system. 

We shall now prove the following theorem. 


THEOREM. Jf A is of degree r in y(x+1), there can be at most 
r c-systems in the decomposition of A into essential irreducible sys- 
tems. 


3. A Generalization. To facilitate proving this theorem, we re- 
place it by a more general result. Let = be a prime system of 
simple forms in the unknowns yo, y:, - - - , ¥n, the domain of ra- 


* For references to special existence theorems of Horn and others, see Nér- 
lund, Encyklopadie der Mathematischen Wissenschaften, vol. II C7. 

f Colloquium Publications of the American Mathematical Society, vol. 14. 
(Designated below by £8.) 

t Such a decomposition will be called a decomposition into essential irre- 
ducible systems. 


| 
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tionality being 7 (as in §2).* Let yo constitute a set of uncondi- 
tioned unknowns for 2. Let a basic set for = be 


(5) B,, B,, 


where B; introduces y;.T 

In what follows, we shall frequently consider, together with 
a simple form C, the difference form into which C goes when 
each y; is understood to represent y(x+7). The resulting differ- 
ence form will be represented by C’. Thus (5), considered as a 
set of difference forms, will be represented by 


(6) Bi,---, Br. 


In the same way, if A is any system of simple forms, the system 
of difference forms obtained as above from A will be denoted 
by A’. 

We shall prove that, if B, is of degree r in yn, then, in the de- 
composition of (6) into irreducible systems, there are at most r c- 
systems. 


4. The Form C. Without loss of generality, we assume that at 
least one c-system is present in the decomposition of (6). 

Let ® represent (5). We shall need the fact that there exists 
a non-zero simple form C in yo alone such that every solution of 
® which annuls the initial of any one of the B; is a solution of C. 
In particular, every solution of ® which is not a solution of 2 
will be a solution of C. If n=1 in (5), we use for C the initial of 
B,. We assume the truth of the result for »=m. What we have 
to prove, in the case of n=m-++1, is the existence of a form C in 
yo alone which is annulled by every solution of 


(7) B,,---, Buys 


which annuls the initial J of B,.4:, but not the initial of any B; 
withi<m+1.f 


* Chapter 4. 

t By a solution of a system of simple forms in yo, - - - , yn, we shall under- 
stand a set of functions yo, - - - , yn, analytic in some area, which annul the 
forms of the system. This definition, used in 8, does not conflict with the defini- 
tion of solution of a set of difference forms, in which the solutions are under- 
stood to be analytic along curves going to ©. 

t Solutions common to (7) and an initial of B; with i<m-+-1 are taken care 
of by m=1,---,m. 


| 
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Such solutions of (7) are common to J and to A, the prime 
system in Yo, --- , ¥m With B,, ---, B,, for basic set. As J does 
not hold A, A+1 is held by a non-zero form in yo alone.* 


5. An Adjunction. It follows from §4 that 2’ holds all c-sys- 
tems held by (6). 

We return to ®. Let y,;; be a new unknown. Let D represent 
the simple form obtained from B, on replacing x by x+1 and 

Let B,.: be the remainder of D with respect to (5). We shall 
prove that B, is of degree 7 in yn41. 

Let H be the coefficient of y,”’ in B,; K that of yais’ in D; L 
that of y+.” in B,4;. Then L is obtained by multiplying K by a 
product of powers of the initials in (5) and subtracting from the 
result a linear combination of B,,---,B,. Let L=0. Then K 
holds >. It follows that K’ holds 2’. Then H’, of which K’ 
is a transform, holds >’. We shall prove that H holds 2. If it 
did not, 2+H would be held by a non-zero simple form in yo 
alone. Then >’+H’ would be held by a non-zero form of order 
zero. As H’ holds 2’, this would imply that 2’ cannot hold a 
c-system. Thus H holds 2. Now this conflicts with the fact that 
H is reduced with respect to Bi, ---, Hence L¥0. 


6. A Special Case. The system 
(8) Be, 
is equivalent to (6). If 
(9) B+ Ba, Buys 


is a basic set of a prime system, we can repeat the procedure of 
§5. Let us assume that this process is capable of indefinite repe- 
tition, that is, that we are led to an infinite system of simple 
forms 


(10) 


with every B,,---, B, a basic set for a prime system in 


* This amounts to the fact that an irreducible algebraic manifold is of 
higher dimensionality than any of its proper submanifolds. It is also a simple 
consequence of arguments used frequently in 8. 
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Yo, ** +, Ym. We shall show that, in that case, (6) yields just 
one c-system. 
Of course, 


has the same manifold as (6). 

Let A’ be a difference form which holds one of the c-systems 
in the decomposition of (6). Let A be the simple form associated 
with A’. Let A’ be of order m. The ascending set of simple forms 


(11) Bn 


is a basic set of a prime system 2,,. Now A must hold 2,,. Other- 
wise its solutions in common with 2,, would annul a form in yo 
alone. The same would be true of the common solutions of A 
and (11) (§4). This would mean that A’ holds no c-system in 
the decomposition of (6). Then the solutions of (11) which do 
not annul A are solutions of a simple form in yo alone. It fol- 
lows that A’ holds every c-system in the decomposition of (6). 
The fact that every form which holds a single c-system in the 
decomposition of (6) holds every c-system in the decomposition 
shows that there is only one c-system in the decomposition. 

If r=1, the procedure of §5 can certainly be repeated indefi- 
nitely. Hence the result stated in §3 is true for r=1. 


7. Completion of Proof. Let the result hold for r=1, - - - ,s—1. 
We assume B, in (5) to be of degree s in y,. We have only to 
consider the case in which the process of §5, repeated a suffi- 
cient number of times, leads to a set B, - - - , Bx which is not 
a basic set of a prime system. It is legitimate to assume that 
m=n-+1. 

Then, if J; represents the initial of B;, there exists an identity 


— K,B, ies — K,B, = 0, 


where G;, - - - , G; are non-zero simple forms in yo, - - - , Yn41, 
which are reduced with respect to Bi, - - - , B,. The degrees of 
Gi, ---, Gein Yay. are positive, and their sum is s. Every set 


(13) B,, B,, G; 


— 
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is a basic set of a prime system. Furthermore, T is a form in 
Yo, - - * » ¥x Which does not hold = of §3.* 
By (12), every solution of 


(14) B,, Busi 


which does not annul J; - - - J,, isa solution of some system (13). 
This shows that every c-system in the decomposition of 


(15) By,---, Bar 
is held by some system 
(16) 


On the other hand, because T does not hold 2, (12) shows 
that every c-system in the decomposition of any system (16) is 
held by (15). 

Thus we obtain the c-systems in the decomposition of (15) 
by collecting the c-systems in the decompositions of the ¢ sets 
(16) and suppressing certain of the systems which are held by 
others. As each G; is of degree less than s in yn41, our result 
holds for each system (16). Thus we cannot get more than s c- 
systems from (15). This completes the proof. 


8. An Extension. Suppose that the open region in which the 
functions in ¥ are meromorphic contains x—1, as well as x+1, 
when it contains x. Suppose also that 7 contains, together with 
any function f(x), the function f(x—1) as well as f(x+1). Fi- 
nally, let us understand solutions of forms to be made up of func- 
tions analytic along a curve which contains x —1, as well asx+1, 
when it contains x. A few simple considerations show that, un- 
der these circumstances, the number of c-systems in the decom- 
position of A of §2 cannot exceed the degree of A in y(x). 


CoL_uMBIA UNIVERSITY 


* B, §47. The use of more than two G; requires no essential changes in the 
discussion of 8. 
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AN EXISTENCE THEOREM FOR GENERALIZED 
PFAFFIAN SYSTEMS* 


BY J. M. THOMAS 


1. Introduction. The present paper has for its object the ex- 
tension of Cartan’s existence theorem f for a pfaffian system to a 
system of equations whose left members are symbolic differential 
forms of arbitrary degrees. Although the proof of the general 
case involves no essentially new principle, the arrangement of 
the details given here appears simpler than in any proof previ- 
ously published for the linear caset and at the same time rigor- 
ous. The manner of presentation makes clear the relationship 
of the general theorem (and, consequently, of Cartan’s theorem) 
to the theory of systems of partial differential equations as de- 
veloped by Riquier. 

2. The Existence Theorem. The set of equations 


(1) wo = 0, py. 


in which w* is a symbolic differential form of degree fy, 
(0<f Sn), will be called a generalized pfaffian system.§ The 
ordinary pfaffian system is the special case in which every w is 
linear. 

For the sake of simplicity, consider only one form tem- 
porarily, and put 


(2) = ++ - - - 


where the a’s are functions of the x’s and are skew-symmetric 


* Presented to the Society, December 1, 1933. 

+ E. Cartan, Annales de l’Ecole Normale, (3), vol. 18 (1901), pp. 241-311; 
E. Goursat, Probléme de Pfaff, 1922, pp. 343-381. 

¢ C.Burstin, Recueil Mathématique de la Société Mathématique de Moscou, 
vol. 37 (1930), pp’ 13-21, has recognized that the proof given by Goursat for 
the linear case can be materially simplified. His proof, which is apparently open 
to objections, will be discussed in a subsequent note in connection with singular 
integral varieties. 

§ If the proposed system contains a set So of equations whose left members 
are of degree zero, elimination of some of the variables x by means of So gives 
a system of the type considered. 
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in every pair of subscripts. Suppose the x’s expressed in terms 
of k parameters 


(3) = fi(u', u’, u*), = 1, 2, n), 
and put 
Ost 
(4) dx* = —du* = xi du*. 


We then have 


(5) w = [mar - ap|du du: - - - du, 
where 
(6) [ayaz - -- ay] = 


A similar notation is employed for the derived form: 
(7) wo” = - - - 
The following identity can then be proved: 


Outer 
= (p + 1) [eras - - aps)’, 


where the terms on the left are obtained by cyclic permutation 
of the indices on the first term and (—1)? occurs in the even 
numbered terms. 

If substitution from (3) and (4) in w=0 gives identities in 
the u’s and their differentials, (3) is called an integral variety of 
w=0. Its dimension is the character (see below) of the matrix 


(9) Ix = (¢ = 1,2,---,#;a = 1,2,---, &). 
The conditions that (3) be integral for w=0 are 
(10) ay] = 0, 


where the a’s are given every set of p distinct values chosen from 

From (8) and (7) we therefore see that the equation w=0 im- 
plies w’ =0 in the sense that every integral variety of the former is 
an tntegral variety of the latter. 


1934-] GENERALIZED PFAFFIAN SYSTEMS 311 


A variety is integral for a system (1) provided it is integral for 
every equation in (1). 

The system 
(11) = 0, 


obtained by equating to zero the derived forms of the left mem- 
bers of (1), is also a generalized pfaffian system.* System (1) can 
be augmented by (11) without having its integral varieties al- 
tered. Since (w’)’=0, we then have to deal with a system (1) such 
that the derived form of every left member is either a left member or 
zero. We shall suppose, therefore, that every system (1) which 
we treat has been augmented so as to possess this property. 

For convenience of treatment we divide the conditions that 
(3) be integral for (1) into sets 2, the set =, containing every 
condition (10) in which one of the indices is @ and all the others 
less than a. The equations of 2., for a fixed a, are linear and 
homogeneous in the unknowns x,‘. Let the matrix of 2, be Ma. 

A matrix M, whose elements are expressed in terms of cer- 
tain variables, will be said to have character m if every one of 
its determinants of order m-+1 vanishes identically in all the 
variables and at least one determinant of order m is different 
from zero for some values of the variables. A matrix is of rank r 
on a variety (or in a region) if, when its elements are expressed 
in terms of the parameters of the variety, every determinant of 
order r+1 vanishes for all values of the parameters, and corre- 
sponding to every set of values for the parameters there is at 
least one determinant of order r different from zero. 

Denote the character of M; by m. Then 2; can be solved for 
m, of the unknowns x;‘ in terms of the others. Let the results, 
substituted in M, and 22, give M2 and S2. Denote the character 
of Mz by mz. The number mz is the same for all general solutions 
of 21. 

Let the general solution of =; employed above and a similar 
general solution of 52 be substituted in 23, M; to give 23 and 
M;, whose character is m3. As before, the number m; does not 
depend on the mode of solution. Continue the process to form 
sequences Da, Ma, Ma. 

Since we can solve 2, ---, 2, in the above manner for 


*It might appropriately be called the derived system of (1), had not that 
name already been employed in another sense. 


312 J. M. THOMAS [April, 


m,,---, m, of the quantities ---, x,', respectively, the 
totality of the quantities 

(12) (a ki pS bh), 
formed for all w’s in (1), can be taken with a properly chosen 
subset of 

(13) xi, 

to replace variables (13) in expressing - - - ap(k+1)]. 
Since that bracket reduces to [aja2- - - ap(k+1)] when (12) 


are zero and the subset of (13) has arbitrary values, Taylor’s 
theorem gives 


(14) --- + 1)] 
= + 1)] + --- + 1)}, 


where the vanishing of (12) implies the identical vanishing of 
the braces { } 


Suppose that x‘, x',---, Xa’ satisfy systems 21,---, 2a 
and make the ranks of* J., Mi,---, Mas, respectively, 
M1, , Ma41. Obviously the values where B Sa, 


satisfy 2.4, and therefore 5.4:. Hence the number of inde- 
pendent solutions of 2.4: is at least a, that is, 


Mori 2 a. 


If the inequality holds, we may repeat the argument with a+1 
replacing a. Since is increasing and — is non-increasing, 
we ultimately reach a value y such thatt 


(15) — = 


This means that there is no set of solutions x‘, x',-- +, Xy4u 
which makes the ranks of Jy41, Mi, - - - , My+41, respectively, 
y+1, mi, ---, M4. Consequently, the dimension k of an in- 
tegral variety on which each matrix Ma, (a=1, 2,---, k+1; 
M,=M), has rank equal to its character cannot exceed y. 

Let k be a non-negative integer satisfying k+1<~. Let the 


* See formula (9). 
7 If we put ma=Sot+ +5a-1, the s’s are Cartan’s characters in the linear 
case. 
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coefficients of (1) be holomorphic in the neighborhood of a point 


(16) (x‘)o 

at which M, has rank m. Further, let variety (3) be a solution 
of 21, - - - , 2% such that the f’s are holomorphic in the neigh- 
borhood of 

(17) 

reduce to (16) at that point, and make the ranks of J;, Mi, ---, 
respectively k, m, - - - , in that neighborhood. The 


solved form of 5,41 is therefore valid in the neighborhood of the 
values (16) and 


of' 

(18) : (a = 1,2,---,&). 

It is, moreover, a system to which Cauchy’s theorem is applica- 

ble. We know, therefore, the existence of a set of functions 


(19) xt = u*, 
which satisfy #ystem 2,4; and also 


If xz, is not a left member in the solved form of Ex4:, the cor- 
responding ¢‘ can be chosen arbitrarily, subject to the restric- 
tions that (20) be satisfied and that the values 


(21) ( ) , 


taken with (18), make Ji; of rank k+1. 
If we consider the solution (19) substituted in the brackets 
(6), let a1, ---,«@p have any values less than k+1, and let 


Qp41=k+1, we find, then, from (8), (14), and the fact that Dis: 
is satisfied, 


Olai- ap 


+ 1)} 


—(- 1)? 


= 
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Whatever values the arguments in the right members of (22), 
other than (12) and the u’s, may have, Cauchy’s theorem states 
the existence of a unique set of functions (12) which satisfy (22) 
and reduce to zero for u*+!=0. Since a set of zeros satisfies both 
conditions, we infer the identical vanishing of (12). The sys- 
tems - - - , Ds, Dez: being satisfied, so also is Formu- 
las (19) therefore define an integral variety, which is of dimen- 
sion k+1 because J;z4; is of rank k+1 on it. 

If k+2 <7 and it is desired to obtain subsequently an integ- 
ral variety passing through (19), we have in addition to restrict 
the initial values so that (16), (18), (21) make Mi42 of rank 
k+2. 

Starting with the case k=1, for which Cauchy’s theorem im- 
mediately states the existence of an integral curve, we can con- 
struct, step by step, every integral variety of dimension ky 
on which each matrix M., (a=1, 2,---, k+41), has rank mq. 
Such integral varieties will be called non-singular, and all others 
singular. 


THEOREM 1. A generalized pfaffian system has at least one non- 
singular integral variety V;, of dimension k if ky. There is at 
least one Vis; through any V; if k<y. 


3. The Equivalent System of Partial Differential Equations. It 
is a matter of notation to assume that 2; can be solved for 
xp,---, Since contains M,, it follows from a well 
known theorem on rank that the derivatives x2!, - - - , x2! may 
be taken among those for which >: is solved. Proceeding in 
this manner, we see that the conditions for a non-singular in- 
tegral variety can be put in a form solved for 


(23) as, @ = 1,2,---,m3a@ 1,3,---, 8, 


where k does not exceed y. The system of partial differential 
equations is then in regular form.* From the nature of the initial 
values which its solution can be given we immediately conclude 
that it is passive. 

A subvariety of (3) is defined by formulas 
(24) ut = u(v!,---, 


* J. M. Thomas, Proceedings National Academy of Sciences, vol. 19 (1933), 
pp. 451-453. 
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The brackets for the subvariety are given by 


where ug* = 0u*/dv*. From these equations we see that every sub- 
variety of an integral variety is integral and therefore satisfies the 
same system of partial differential equations as the variety. From 
Theorem 1 every non-singular integral variety is contained in 
some non-singular integral variety of dimension y. Making k=7 
in (23), we therefore get the following theorem. 


THEOREM 2. The non-singular integral varieties of a generalized 
pfaffian system satisfy a system of partial differential equations of 
the first order which can be written in passive, regular form. 


As a consequence, the problem of finding the non-singular 
integral varieties for (1) leads at once to a system of partial 
differential equations 


+2, 


written in a form which is included, as was proved above, in 
Riquier’s more general passive orthonomic form. It is in this 
sense that Theorem 1, and therefore Cartan’s theorem , is equi- 
valent to a special case of Riquier’s theorem. 

Every integral variety of (1) satisfies at least one of the sys- 
tems 


Conversely, a solution of any one of systems (26) defines an 
integral variety of (1). Riquier’s method of reduction to passive 
orthonomic form can be applied to each system in (26), and 
(1) is completely solved in this manner. Riquier’s method of 
testing whether a system has solutions must therefore be re- 
garded as more general than Cartan’s since the latter only fur- 
nishes the non-singular varieties.* 


DvuKE UNIVERSITY 


* Compare Goursat’s surmise, loc. cit., p. 381. 


= 


316 J. M. THOMAS (April, 


THE CONDITION FOR A PFAFFIAN SYSTEM 
IN INVOLUTIONT 


BY J. M. THOMAS 


1. Introduction. If a pfaffian system is to be employed for solv- 
ing a system of partial differential equations, an integral variety 
on which a given set of variables are independent is desired. A 
pfaffian system having a non-singular integral variety of this 
type is said to be im involution with respect to the variables in 
question. A necessary and sufficient condition for a linear pfaf- 
fian system in involution has been stated by Cartan in terms of 
what he calls the prolonged system.{ The present paper gives to 
the condition an alternative form which is obtained directly 
from the original system. The condition is here derived for gen- 
eralized (that is, non-linear) systems.§ The paper ends (§3) with 
a few remarks about singular integral varieties. 

2. The Condition. The basis of the following treatment is a 
theorem, which is an immediate consequence of known results 
and for which a simple, direct proof can also be given. It may 
be regarded as the basic theorem in the theory of linear, homo- 
geneous equations. It is: A system of linear, homogeneous equa- 
tions has a solution in which a specified set of unknowns can be 
given arbitrary values if and only if the rank of its matrix is un- 
altered by the omission of the columns corresponding to those un- 
knowns. For the application of the theorem, we note that having 
a solution corresponding to arbitrary values of the given un- 
knowns is equivalent to having a solution when each of the fol- 
lowing sets of values is assigned to those unknowns: 


(1) (1,0,---,90), @, 1, ---,@, 0,0, 
Let the generalized pfaffian system be 


(2) w = 0, (A = 1, 2,---, 9); 


+ Presented to the Society under a different title, December 1, 1933. 

t E. Cartan, Annales de I’Ecole Normale, (3), vol. 21 (1904), pp. 153-175. 

§ J. M. Thomas, An existence theorem for generalized pfaffian systems, this 
Bulletin, vol. 40, pp. 309-315. This paper will be cited as G. The reader is 
assumed to be familiar with its contents. 
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and let the systems employed in effecting its solutionf be de- 
noted by 2.. 


The conditions that (2) have an integral variety, on which 
(3) xfs, 
are independent, are found by putting 
(4) = (j = 1,2,---,&). 


>. becomes thereby a non-homogeneous system 2,*, whose 
matrix M,* can be obtained from M, by omitting from it the 
columns corresponding to (3) and making the substitution (4) 
in the rest. 

Systems 2#*, - - - , 2* also arise if the equations (2) are re- 
garded as identities in the differentials of (3), the variables other 
than (3) being regarded as functions of (3). For this reason, 
D*,---, 2 will be said to arise by parametrizing (2) with 
respect to (3). Let =# become >* when a general solution of 
~* has been substituted in it, etc. The characters of M¥, 


M#,---, Mé#. will be called the characters of the parame- 
trized system. 
Every system (a=1, 2, - - - ,%), contains the set of linear 


equations [a]=0, whose matrix is M; for all values of a and 
which coincides with 2, for a=1. The substitution of (4) in 
21, shows, therefore, that the algebraic system >, 
must have a solution in which the unknowns x;"1, - - - , x,** have 
any set of values in (1). The fundamental theorem above shows 
that M, and M¥# must have the same character, if a solution 
exists. 

Every system (a=2,3, - - - contains the set of equa- 
tions [a]=0, [1a] =0, whose matrix is Mz and which coincides 
with 2, for a=2. Hence it follows that >. must have a solution 
in which the unknowns x2‘, - - - , x2** have any set of values 
from the last k—1 lines of (1). We have already seen that [a] =0 
must have a solution corresponding to the first line. That 
[1a@]=0 must also, is seen by choosing x.'=x,' and remarking 
that x,41, - - - , x,** have the values of the first line of (1) in the 
solution (4). 

The reasoning can be continued to include the matrix M 4,1, 


+ G, equations (10). 
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which arises from 2,4; and which must be considered in order 
to insure non-singularity. A necessary condition for the exist- 
ence of a non-singular variety is accordingly that the two se- 
quences M;*, M.*, Miu and M,, Mz, Mis have the 
same characters. 

The condition is also sufficient. The process previously de- 
velopedt serves to construct the integral variety, provided we 
put u**!,---, u* equal to their non-singular initial values, 
which are possibly different from zero, before determining the 
solution of 5 by Cauchy’s theorem. Because of (4), the rank 
of the functional matrix J; is k. If k<y, we may continue, and 
obtain an integral variety of higher dimension having the desired 
property. 

THEOREM. A generalized pfaffian system has a non-singular in- 
tegral variety on which k specified variables are independent if and 
only if its first k+-1 characters are unaltered by parametrization 
with respect to those variables written in some order. 


An example is furnished by the equation 


+ + = 0, 


for which m,=1, m2.=m3;=2. Parametrizing with respect to 
x!, x?; x1, x3, we get the characters 1, 2, 2; 1, 1, 1, respectively. 
Hence there is a non-singular integral variety on which x}, x? 
are independent, but none on which x!, x’ are. 

3. Singular Integral Varieties. The integration of the system of 
partial differential equations 
> = = 

Ox Oy 


is equivalent to finding an integral variety on which x and y 
are independent for the pfaffian system 


(6) (x + y)dx + ady — (x + y)dz = 0. 


Since y=1, the integral variety sought, if it exists, must be 
singular and is not furnished by the above theorem. On the other 
hand, Riquier’s method of reduction to passive orthonomic form 
applied to (5) gives immediately the solution z=x+y. 


t G, §2. 


| 
| 
| 
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Burstin? has recognized the essential element of Cartan’s 
method and applied it in an attempt to obtain all integral vari- 
eties for the linear case. To determine an integral variety of di- 
mension ¢ he finds the finite conditions F which the variables 
must satisfy in order that the algebraic equations in x,‘ have o 
independent solutions. Elimination of some of the x’s by means 
of F gives a system in the others. His treatment of the resulting 
system seems defective. We shall employ the notation of the 
present paper in describing his results. He replaces the non- 
singular integral variety V; by any integral variety W;, that 
is, by any functions of u!, - - - , u* satisfying 


He then determines a variety Wi4: passing through W; by ap- 
plying Cauchy’s theorem to a solved form of 2:::. He does not 
statef explicitly the manner of solving 2:41, but it must be 
solved in the presence of (7) if all integral varieties are to be ob- 
tained. His proof that W;,; satisfies (7) for all values of u**! is 
vitiated by the assumption that it satisfies 2.::, some of whose 
equations it may only satisfy by virtue of (7). Hence Wi: may 
not be integral. This is illustrated by the following example: 


(8) dx! + a8dx* + = 0, dx? + + = 0. 


We find m,=2, m.=4, and F is the whole of space, if a variety 
of dimension two is sought. An algebraic solution of 2; is 


i 2 44 Ps 3 5 


The introduction of these values in 22 gives 
7 
+ + = 0, + + = 0, 
(10) 
4 4 4 5 = 
x, x, + %, + 2, x, x, %, 0. 


A solution of (9) is furnished by 
(1) fi=f=f=0, fi=fi=fi=u, -u. 
A solution of (10) reducing to (11) for v=0 is 


7 C. Burstin, Recueil Mathématique de la Société Mathématique de 
Moscou, vol. 37 (1930), pp. 13-21. 
t See his formulas (33), (34). 


— 
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(12) 
= —u+ = u + uv, = u — ur, 


where the superscripts on the parameters u and v denote powers. 
These values do not give an integral variety. They do not sat- 
isfy the first equation of =, for all values of v because they fail 
to satisfy Le. 

By employing >:;; and using relations like G (22), we prove 
(7) is satisfied, and Burstin’s manner of passing a W;.4,; through 
a W, can be rendered valid, but it then gives, in general, only 
non-singular integral varieties and certain singular integral 
varieties of dimension exceeding which owe their singularity 
to the satisfaction of relations involving the x’s but not their 
derivatives, and which are obtained thanks to the preparatory 
elimination process he employs. Equation (6) furnishes a some- 
what trivial example of the case in which his method is success- 
ful. The variety F is z=x+y. 

In general, the determination of singular integral varieties 
characterized by relations involving the derivatives of the x’s 
requires the discussion of integrability conditions other than 
those expressed by the derived forms w’. System (8) illustrates 
this also. If an integral variety on which 


(13) =0 


is desired, the last equation of (10) leads to the rather obvious 
condition A;=0, where 

If in the method of the former paper G, we replace Vi by 
any integral variety of dimension k, and the general algebraic 
solution of 2:,,; employed there by any particular holomorphic 
solution of 2:;; for xz41, and in other respects proceed as be- 
fore, we obtain a variety which is surely integral, and which 
may be singular or non-singular, but we cannot obtain all in- 
tegral varieties in this manner. 

Some of the singular integral varieties of a pfaffian system 
appear as non-singular integral varieties of an associated pfaf- 
fian system of higher degree. This application of the existence 
theorem will be discussed elsewhere. 


Duke UNIVERSITY 
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NECESSARY AND SUFFICIENT CONDITIONS FOR 
THE REPRESENTATION OF A FUNCTION BY A 
DOUBLY INFINITE LAPLACE INTEGRAL* 


BY D. V. WIDDER 


1. Introduction. By a doubly infinite Laplace integral we mean 
the improper Stieltjes integral 


Here a(t) is a function of bounded variation in every finite in- 
terval, and 
R 0 
f e~*'da(t) = lim e~*'da(t) + lim e~*'da(t). 
Roo 9 J _R 
We are concerned in this note with the case in which a(t¢) is 
an increasing function. We propose to characterize the class of 
functions which can be represented by such integrals. 
In order to foresee what type of result may be expected we 
first recall certain properties of the moments of a function on a 
finite interval. Set 


(1) Ln = f y"dx(y), (n = 0, A 2, te ), 


where x(y) is a real increasing function. It was proved by F. 
Hausdorff that equations (1) have a solution x(y) if and only if 
the sequence {u,} is completely monotonic, 


(2) 1)*A*u, 0, (n, k = 0, 1, A 


If the integer m in (1) is replaced by acontinuous variable x, 
we obtain 


u(x) = 


* Presented to the Society, December 27, 1933. 
7 F. Hausdorff, Momentprobleme fiir ein endliches Intervall, Mathematische 
Zeitschrift, vol. 16 (1923), p. 220. 
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or 


(3) f 


if we set y=e~‘ and a(t) = —x(e~'). We should expect conditions 
(2) to be replaced by 


(4) (— 1)* u(x) 2 0, (x > 0; k= 0, 1, 2, megs ). 


The conjecture arrived at in this way has proved to be correct. 
S. Bernstein,* the author,{ and others have shown that (4) is 
necessary and sufficient that the integral equation (3) should 
have an increasing solution a(t). 

Since analogy leads to a correct conjecture regarding (3), it is 
natural to hope that a similar analogy will be equally successful 
for the doubly infinite Laplace integral. Clearly we must now 
consider the Stieltjes moment problem, 


x 


(5) y"dx(y), (n = 0, i, 2, 


It is known{ that equations (5) have an increasing solution x(y) 
if and only if the quadratic forms 


(6) D (nm = 0,1,2,---), 
i=0 j=0 

are positive (definite or semi-definite). Making the same trans- 

formations as those we performed on (1), we obtain 


x 


(7) < edt), alt) = 


We should expect the quadratic forms (6) to coalesce into a 
single double integral of the form 


* S. Bernstein, Sur les fonctions absolument monotones, Acta Mathematica, 
vol. 52 (1929), p. 1. 

t D. V. Widder, Necessary and sufficient conditions for the representation of 
a function as a Laplace integral. Transactions of this Society, vol. 33 (1931), 
p. 851. 

ft See, for example, O. Perron, Die Lehre von den Kettenbriichen, second 
edition, 1922, Chapter 9. 


| 
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f f 


which would be required to be positive for all functions &(x). We 
shall show that this condition, when made sufficiently precise, 
is necessary and sufficient for the representation of the function 
p(x) in the form (7) with an increasing function a(#), and con- 
sequently carries with it the analyticity of u(x) in a vertical 
strip of the complex plane. The proof is made by use of certain 
results of J. Mercer, H. Hamburger, and S. Bernstein. These we 
state as lemmas with appropriate references. It is of interest to 
compare the present result with one of M. Mathias* and S. 
Bochnerf concerning the Fourier transform. We also call atten- 
tion to a related result of S. Bernstein concerning “exponen- 
tially convex functions”. 


2. The Lemmas. We first introduce several definitions. 


DEFINITION 1. If the function K(s, t) is continuous in the closed 
and if 


J f "KG, = 0 


for all functions £(s) continuous in the interval aSsZb, then 
K(s, t) is said to be a kernel of positive type in the square. 


DEFINITION 2. The function K(s, t) is of positive type in the 
open square a<s<b, a<t<b if it is of positive type in every closed 
square a’ Sb’, a’ for which a<a' <b’ <b. 


LemMaA 1. (Mercer.§) A necessary and sufficient condition that 


* M. Mathias, Uber positive Fourier-Integrale, Mathematische Zeitschrift, 
vol. 16 (1923), p. 101. 

+ S. Bochner, Vorlesungen iiber Fouriersche Integrale, 1932, p. 76. 

t S. Bernstein, loc. cit., p.60. However, the result stated in the article cited 
is open to question. If we denote by ¢(x) the function of G. Hamel (Mathe- 
matische Annalen, vol. 60 (1905), p. 459) which satisfies the functional equation 
¢o(x+y) =$(x)+¢(y), we find that exp ¢(x) is exponentially convex. But such 
a function can not have the representation (7) since it is not even continuous, 
much less analytic. I am indebted to Hassler Whitney for calling my attention 
to the function of Hamel. 

§ J. Mercer, Functions of positive and negative type, and their connection 
with the theory of integral equations, Transactions of the Royal Society of Lon- 
don, (A), vol. 209 (1909), p. 415. 
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a continuous function K(s, t) be of positive type in the square 
a’<s<b',a'’ stb’ ts that the quadratic forms 


n 


DK(si, (n = 0, 1, 2, ), 
i=0 j=0 
be positive (definite or semi-definite) for all values of s; and s; in the 
intervalass<b. 
LEMMA 2. (Bernstein.*) If the function f(x) is continuous in 
a<x<b, and if 


an 2n 
f(c) = + 2 0, (n = 0, 1, 2, 
k=0 


for every choice of c and 6 such that 
2nd < 
then f(x) is analytic ina<x<b. 


LemMA 3. (Hamburger.f) Jf f(x) is analytic in the interval 
a<x <b, and tf the quadratic forms 


i=0 j=0 

are positive (definite or semi-definite) for a single value of c in 

a<x<b, then 


fa) 
where a(t) is a non-decreasing function, and the integral converges 
fora<x<b. 
3. The Theorem. By use of the above lemmas we now prove 
the following theorem. 


*S. Bernstein, Lecons sur les Propriétés Extrémales des Fonctions Ana- 
lytiques d’une Variable Reélle, 1926, pp. 190-197. The proof there given needs 
slight modification to cover the case in hand. We call particular attention to the 
fact that the assumed continuity of f(x) in Lemma 2 is not a redundant condi- 
tion. 

t H. Hamburger, Bemerkungen zu einer Fragestellung des Herrn Polya, 
Mathematische Zeitschrift, vol. 7 (1919), p. 302. The theorem is there stated 
for the case in which the forms (8) are positive definite, but the proof holds 
equally well when they are positive semi-definite. 


| 
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THEOREM. A necessary and sufficient condition that the function 
f(x) can be represented in the form 


(9) f(x) = f e*‘da(t), 

where a(t) is non-decreasing and the integral converges fora<x<b, 
1s that the kernel f(s+t) be continuous and of positive type in the 
square a<2s<b, a<2t<b. 


We shall prove first the necessity of the condition. Let f(x) 
have the representation (9). Let a<a’ <b’ <b. Then the kernel 
f(s+2) is of positive type in the square a’ <2s <b’, a’ <2t<bd’. 
For, let £(#) be an arbitrary continuous function in the interval 
a’ <2t<b’. Then 


b’/2 b’/2 


f(s + 


a’/2 a’ 


b’/2 b’/2 
a’/2 a’/2 


= f | f | dad) > 0. 
a’/2 


The change in the order of integration is easily justified since 
the integral (9) converges uniformly in a’ <x Sb’. 

To prove the sufficiency of the condition we first apply 
Lemma 1. Since f(s+#) is by hypothesis of positive type in the 
square a’<2s<b’, a’ S2tsb’, it follows (by setting sp=c/2, 
$,=(c/2)+6, - - - , that the quadratic forms 


(10) Vile + 6 + 0,1,2,---), 
i=0 j=0 
are positive, provided 
Sd’. 
In particular, if we set 


n k 


kant 


| 
| 
De an (i = 0, 2,°+*,%), 
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the forms (10) become 


(11) fo) nin. 
i=0 j=C 
If --- =nn1=0, 7. =1, we see that 
AG F(c) = 0. 


Since f(x) is continuous by hypothesis, we may apply Lemma 2 
and deduce that f(x) is analytic in a<x<b. In (11) replace 7; 
by 7;/6 and let 6 approach zero. We thus obtain 


nn; = 0, 
i=0 j=0 


and by Lemma 3, the function f(x) has the form (9). This com- 
pletes the proof of the theorem. 


HARVARD UNIVERSITY 


ARITHMETIC AND IDEAL THEORY OF ABSTRACT 
MULTIPLICATION* 


BY A. H. CLIFFORD 


If we are given a ring R we may be called upon to answer the 
following two questions. 


1. Is every element of R uniquely decomposable into prime 
elements? 

2. If not can we introduce ideal elements into R such that 
the resulting system has this property? 

Since these questions can be put in terms involving only the 
operation of multiplication, it is natural to attempt a solution 
in the same terms. We start, therefore, with a group-like system 
in which multiplication only is defined, namely a class S satis- 
fying the following postulates: 


* A statement of definitions and results of a thesis done under Professors 
E. T. Bell and Morgan Ward at the California Institute of Technology. 
(Added in proof.) I find that ovoid ideals were first discovered by I. Arnold, 
Ideale in kommutativen Halbgruppen, Recueil Mathématique, Moscou, vol. 36 
(1929), pp. 401-407. Arnold proves Theorem 4 for regular ova (which he calls 
commutative semi-groups), with a slightly different normal ideal arithmetic. 


n n 
n n 
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P,. To every pair of elements a, b of S there corresponds an 
element c of S unique to within equal elements. We write c=ab. 

P,. If a=a' and b=)’, then ab=a'b’. 

P;. a(bc) = (ab)c for all a,b, cin S. 

P,.ab=ba for alla, bin S. 

P;. There exists an element i in S such that ia=ai=a for all 
a in S. This element, evidently unique, is called the identity 
element of S. 


Following E. T. Bell, we call such a system an ovum.* An 
element a of S is said to divide an element b of S, written 
a|b, if the equation ax =b has a solution x in S. Two elements 
a, b of S are associate, written a~b, if they divide each other. 
Elements associate to the identity 7 are called unities. Non- 
associate elements are called essentially distinct. We say that a is 
a proper divisor of 6, written aljb, if a divides b but b does not 
divide a. An element of S having a proper divisor in S other than 
Z is called reducible; otherwise, irreducible. An element of S is 
called decomposable if it is the product of two proper divisors of 
itself; otherwise, indecom posable. An element of S is called prime 
if the relation b| ab implies that either p| aor p| b, and completely 
prime if the relation p’|ab implies that either p’|a or p’|d, 
for every positive integer r. The index of an element of S is the 
number of essentially distinct powers thereof. If a is of index r, 
then its first r powers a, a?,---, a’ are essentially distinct, 
and all higher powers are associate to a’. If all the powers are 
essentially distinct, we say that a is of infinite index. 

An element a of S is said to be decomposable into irreducible 
elements if a finite number of essentially distinct irreducibles 
pi, po, -- - , Py and a unit e exist in S such that 


ar 


a = chi p, 


where the a; are positive integers. The decomposition is said 
to be unique if the existence of another, 


B, Bs 
a = G2 Gs, 


* E. T. Bell, Unique decomposition, American Mathematical Monthly, vol. 
37 (1930), pp. 400-418. The non-commutative case has been treated by Mor- 
gan Ward, Postulates for an abstract arithmetic, Proceedings of the National 
Academy of Sciences, vol. 14 (1928), pp. 907-911. 
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implies that 
(i) 


and (by suitable numeration) 
ee a, 
(ii) Pi ~U, (¢ = 1,2,---,7). 


The second of these is equivalent to the statement that either 
a;=8; or else neither a; nor 8; is less than the index of P;. 

An ovum S is said to admit unique decomposition if every 
element of S is uniquely decomposable into irreducible elements 
of S. The ensuing theorem gives an elementary set of criteria 
in answer to question 1. 


THEOREM 1. The following conditions are necessary and suffi- 
cient that an ovum S admit unique decomposition: 


I. Teilerkettensatz. If dn+:||an, then the sequence ai, ds, - 
must terminate. 

II. Every reducible element of S is decomposable. 

III. Every irreducible element of S is completely prime. 

If Sis a ring, II can be replaced* by 

IIA. Vielfachenkettensatz. If a,| Gn41, then either the sequence 
1, G2, - - - terminates, or no element ~0 of S is divisible by every 
An. 


Let us denote by xA the class of elements xa as a ranges over 
the class A. A class A of elements of S is called an ovoid ideal 
if it includes all elements s of S such that, for every element 
x of S, xs is divisible by all the common divisors of xA in S. 
This is substantially equivalent to a definition given by H. 
Priifer.f If S is a ring, every ovoid ideal is a Dedekind ideal, 
but the converse is not necessarily true. Ideals will be denoted 
by small German letters. An ideal is called a principal ideal if it 
is identical with the set of multiples of a single element of S. 

A common divisor of a class A of elements of S is called a 
greatest common divisor (G.C.D.) thereof if it is divisible by all 


* Thanks to a clever device invented by A. Fraenkel, Uber die Teiler der 
Null und die Zerlegung von Ringen, Journal fiir Mathematik, vol. 145 (1915), 
pp. 139-176. 

1 H. Priifer, Untersuchungen iiber Teilbarkeitseigenschaften in Kérpern, 
Journal fiir Mathematik, vol. 168 (1932), pp. 1-36. 
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other common divisors of A. It is plainly unique to within asso- 
ciate elements. 


THEOREM 2. The condition III of Theorem 1 can be replaced 
by the condition that every ovoid tdeal be a principal ideal. This in 
turn can be replaced by the two conditions: 


IIIA. Every pair a, b of elements of S has a G.C.D. (a, b) in S. 
IIIB. (a, b)c= (ac, bc) for alla, b, cin S. 


By a regular ovum we mean one in which cancellation is per- 
missable, that is, ac=bc always implies a=b. Condition II is 
satisfied for regular ova, and IIIB is a consequence of IIIA, 
leaving only I and IIIA. These conditions are practically those 
given by J. Koenig,* so that Theorem 2 is simply an extension 
of Koenig’s elegant result to the irregular case. The sets of 
criteria (I, IIA, III) and (I, IIA, IITA, IIIB) for general com- 
mutative rings involve only multiplication, yet they are not 
applicable to unrestricted ova. 

Most of the theory of Dedekind ideals can be carried over 
bodily to that of ovoid ideals. In particular, in the case of 
regular ova, Krull’s form of Noether’s conditions} that the set 
of Dedekind ideals in a ring admit unique decomposition goes 
over unchanged. For the irregular case we find, as in the proof 
of Theorem 4 below, that the following set of conditions is use- 
ful. This is simply a corollary of Theorem 2. 


THEOREM 3. The following conditions are necessary and suffi- 
cient that the set of ovoid ideals of an ovum S admit unique decom- 
position: 

I. Teilerkettensatz: If Qnz1 30, (proper inclusion) then the se- 
quence of ideals 01, Q2, - - - of S must terminate. 

II. a2>c implies the existence of an ideal 6 of S such that 
ab=c. 

III. Every reducible ideal is decomposable. 

Proceeding now to the second question mentioned at the be- 


ginning, we say that an ovum S admits an ovum > as an 
ideal arithmetic if S is a subovum of 2 and = admits unique 


* J. Koenig, Algebraischen Gréssen, 1903, Chapters 1 and 4. 
t See B. L. van der Waerden, Moderne Algebra, 1931, vol.2, pp. 97-104. 
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decomposition. An ideal arithmetic = of S is said to be normal 
if 

(i) every element of = divides some element of S; 

(ii) if alb relative to =, a and b being in S, then alb relative 
to S; 

(iii) every element of = is the G.C.D. of its multiples in S. 


THEOREM 4. Jf an ovum S admits a normal ideal arithmetic =, 
then the set of ovoid ideals in S also constitutes a normal ideal 
arithmetic of S, being in fact simply isomorphic with =. 


This theorem gives only a partial answer to the question, in 
that it tells us only whether or not a given ovum admits a 
normal ideal arithmetic of any kind. It does, however, tell us 
that if an ovum (or ring) admits a normal ideal arithmetic, 
including Dedekind ideals and Priifer’s “finite” ideal numbers,* 
then there is essentially only one, which is completely charac- 
terized by the three requirements (i), (ii), and (iii). This ex- 
tends Priifer’s isomorphism between his finite ideal numbers and 
Dedekind ideals, when these systems admit unique decomposi- 
tion, to all possible normal ideal arithmetics.The conditions of 
Theorem 3 are thus criteria for the existence of a normal ideal 
arithmetic of any kind. 

Ovoid ideals bear an important relation to question 1 because 
of the fact that the condition that every ideal be a principal 
ideal is necessary if S is to admit unique decomposition. They 
bear an important relation to question 2 because of the fact 
that they must admit unique decomposition if S is to admit a 
normal ideal arithmetic of any kind. The single (extreme) 
example of the ring of polynomials with integer coefficients 
shows that Dedekind ideals are far from having either of these 
properties. Whatever interesting and useful properties other 
types of ideals may have which ovoid ideals lack, there can be 
no doubt that, for the specific purpose of answering these two 
questions, the ovoid variety are in point of fact ideal. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


*H. Priifer, Neue Begriindung der algebraischen Zahlentheorie, Mathe- 
matische Annalen, vol. 94 (1925), pp. 198-243. 
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A NOTE ON NILPOTENT ALGEBRAS 
IN FOUR UNITS* 


BY K. S. GHENT 


1. Introduction. In volume 9 of the Transactions of this So- 
ciety R. B. Allen gave, without proof, a classification of all as- 
sociative nilpotent algebras in n<4 units. These results were 
later verified by A. A. Albert for n<3.f 

I have recently completed a reclassification of nilpotent alge- 
bras in four units and have discovered several serious errors in 
Allen’s results. Although he stated that his classification sepa- 
rated the algebras into classes of non-equivalent and non-re- 
ciprocal algebras, he actually did not accomplish this, as he gave 
several superfluous cases. Moreover, he erroneously listed cer- 
tain classes of non-associative algebras which must be replaced 
by similar classes of associative algebras. 

In §2 I shall prove the validity of the following revision of 
Allen’s 16 classes (labelled A) into my §9 classes (labelled G). 
Allen’s classes of irreducible algebras are 


(1A) ef =aey, — 
(2A) ae? = = 
(3A) ef 
(4A) ae? =e2e,=ef =be? =e, 
(5A) ae? =e? =be? 
(6A) er =€3, = €3 er =bez+ce,, 
(7A) er =€3, es = ae3+ eq, 
(8A) ef =e, ae? 
(9A) ef? ef =e, 
(10A) ef =e3, 
(11A) ef 


* Presented to the Society, October 28, 1933. 

¢ Transactions of this Society, vol. 9, pp. 213. 

t In his master thesis, pp. 5-7. 

§ As may be observed, my own classes are but minor revisions of Allen’s 
classes. These revisions are necessary in order that all algebras may be in- 
cluded. 
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(13A) e? =e2, ef 
(14A) e? =e? 
(15A) =e3, C261, 
(16A) (i=1, 2, 3,4), 
with constants a, b, c in the reference field F, while my own 
classes are 
(1G) Sameas (1A), 
(4G) ef =aes, ef =bes, 
(SG) ef =e,, =ae,, ef =bes, 
(6G) Sameas (6A), 
(9G) Sameas (9A), 
(12G) e? =e3, =ae3, C1€2= = 63, 
(14G) e2 =e3, 
(15G) ez =€3, = 6414, = 
(16G) Sameas (16A). 


2. The Revision. The classes (14A) and (15A) obviously do 
not belong in a table of associative algebras. For, if e? =es, then 
Hence, if ee:;*0, then and further 
e? Both of these conclusions 
contradict the tables numbered (14A) and (15A). 

Class (3A) is superfluous and may be shown to be a sub-case 
of class (4G). For in class (3A) we have 


(1) = = 4, 

or, on replacing by é2, by é:, and by és, 
(2) Cs = = 

Put =e,+e and obtain 

(3) = eg = 


which is class (4G) for a=0 and b =1. 
Class (7A) is a special case of class (6A). For in class (7A) 


(4) = é3, = 4, = + des. 
Put e¢ and obtain 


s) J 
(5) ; 
Led? +62 = 2es+(d+1)es. 


— 
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Let (e3;+¢,) =e , so that 
(6) e? = e3, = = €3, = (d — 1)e3 + 2ef, 


which is class (6A) for a=0, b=d—1, and c=2. 
We may also omit class (8A). Since é is a basal unit, a0. 
Then if b=(1/a), class (8A) becomes 


(7) = é3, = es? = be. 

Let bes=e{ and put e;= (es /b) and let b?e; =e? , so that 

(8) eP =eei ef? 

Replace by e = (e/ to give 

(9) ef? =ef, efed =es, =es eg? =ef + 2ef. 
Let (ef +e/ ) =e/’ and obtain 

(10) ef? efeg =es, eget = ef? = — eg + 


which is class (6A) fora=0, b = —1 and c=2. 
Class (10A) likewise involves no new algebras. Algebras (10A) 
have the form 


(11) er = é3, = = = &, 


and again a0, since e, is a basal unit. If a=1, replace e; by 
=e,—é. and let (e3;—e,) =e3 , so that 


(12) ei? = 6, ef = &, 


while all other products vanish. This is class (9A). 
Henceforth, in class (10A) assume a0, 1 and let b=1/a, so 
that algebras (10A) become 


(13) e? e1e2= ef = des, (b 0, 1). 
Let (e:+¢.) r=e’, where r=b/(b—1); then 


r(e3 + é4), = r(e3 + bes), 
+ + beg + és), er = é3. 


(14) ) 


ll 


Let r(es+be,) =ef ; then e,=(e/ —rez)/(br). Hence (14) becomes 


| 
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e? = és, = 
— res) 1 ed 
(15) = ré3 = ref -) = & 
e3? = Aé3 + Bes, (A and B in F). 


This is evidently class (6A). Thus we have shown that algebras 
(10A) are transformable either into algebras (6A), or into alge- 
bras (9A). 

The class of algebras (11A) likewise contains only algebras 
that are included in other classes. Algebras (11A) are of the 
form 


(16) er = &3, €\€2 = = &%&; 
and a0, since é, is a basal unit. If a=1, (16) represents commu- 
tative algebras which are included in my class (12G) for a=0. 


Henceforth in class (11A), assume a #0, 1. Algebras (11A) be- 
come 


(17) ef = é3, €\€2 = €2€, = bes, (6 = 1/a). 
Put (e:+¢2)r = e¢ , where r=b/(b—1). Then 
(18) €; = r(e3 + bes), = r(ez3 + &). 


Let r(es;+bes) Then e,= —re;)/(br) and the algebras are 
of the form 


e? = = &4, = ae3 + Bey, 
(19) r(eg — rez) r(b—A)es ef ed 
€\€2 = = 
br b b b 


which is class (6A). Hence algebras (11A) include only algebras 
contained in other classes. 
Let us next examine algebras (12A) which are of the form 


(20) = ae? = é3, = = 


and a0, since e; and e, are basal units. If a=1, we have class 
(12G) for a=1 of my revised table. Henceforth assume a0, 1. 
Class (12A) then has the form 


(21) e? = €3, ef = Aes, = €1€2 = (A = 1/a ¥ 1,0). 


Put e/ =r(e:+e), where r=1/(1—A), so that 
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(22) = r(es+Aey), and = r(ez + %). 
Let (e3+¢.)r =e/ , and then e,= (ef —re;)/r and 

er = 63, = ed, ef = Bez + Des, 
(23) rA(e¢ — ré3) 


= rez + ——————- = eg + Ae, 


which is class (6A). Hence class (12A) as given by Allen is 
superfluous except when a=1. 
Class (13A) can be shown unnecessary. It has the form 


(24) = ef = + &, = des, = &. 


If a=0, the algebras (24) are easily transformable to class (6A) 
(see algebras of class (8A) above). If a=1, 


(25) ef = é3, ef = eg + &, = = &&. 
Put ef =e,—2e. and let e3 —2e,=e/ , so that 

ep =e3, =e? =e3—2e4—2e4 
(26) +4e,+4e3=5e3, = €3—2e4=e4, 


which is class (12G). 
Henceforth in class (13A), assume a0, 1. Put ef =e: +e. and 
e¢ where r=1/(a?—a). Then 


ei? = ey? + + + ef = + a) + + a), 
(27) efed = raez3+r(a t+ 1)e, = + are3, 

es? = r2ae3 + req. 
Pass to the reciprocal algebra and let 
(e311 + a) + + a)) = eg and (raez + r(a + 1)ey) = ef. 
Then 


2+a 
eg  r(a+1) r(a+1je3 — (2+ 
i+‘a 2+a r 
| a i+a 


and similarly 
ed (1 + a) — egra 


r 


| 
| 
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Hence our algebras have the form 


e? =¢, = ed 
Qr(e{(1 +a) —egra) ar(r(at+1)ez — (2+ 
(28) = + 
r r 
= rej (a? — a) + ef (2 — a*) = eg + ef (2 — a), 
e? = Bes + Ded, (B and D in F). 


These are again algebras (6A). We have now shown that class 
(13A) contains only algebras contained in class (6A) or in class 
(12G). 

Class (2A) is also superfluous, as it can be transformed either 
into class (1A) or into class (4G) as follows. Since e is a basal 
unit, a~0, and }+0. Hence class (2A) has the form 
(29) ef = ayes, e? = €2€; = €3€2 = = bie. 

If a; =b,=0, replace es by ef =e:+¢e; to give 


(30) = = = Cols = 


or, on interchanging e; and és, 


(31) ef = = €3€1 = €4 = C3€2. 
Put ef = —e, and —e,=e/ and obtain class (1A) for a=0 and 
b=—-1. 


Now assume —b;. Then the non-singular 
transformation 


1 b 

(32) ef =——e, +e, e =ates 
ay ay 

yields algebras of the form (33) when applied to class (2A): 


(33) ef? = Ae, eg? = ej, e3? = Be, eve, = Me, 


where ef =(b? /a;—b;)e, and A, B and M are easily calculated 
numbers of the field F. The form (33) is readily transformable 
to class (4G). 

If a; +0, b,;=0, the above transformation (32) gives 


(34) ei? = &, e3? = = &, 


or, interchanging and e/, 


| 


1934-] NILPOTENT ALGEBRAS IN FOUR UNITS 337 


(35) eg? = eg? = aye4, = &%. 


Passing to the reciprocal algebra, we have class (4G) for a,=0. 

If a,=0 and 5,0, interchanging e; and e; and passing to the 
reciprocal algebra, we again have the case a,:~0, ):=0. If 
a,= —b, the transformation (32) is singular. Transformation 
(36), however, can be used to transform class (2A) with a,= —), 
into class (2A) for a;~# —);, unless a? =2: 


ey = — 2e, + — 2es, 


3a; —1 3a, — 1 2- 3a; 
2 2 2 


+ 


w 
n 

— 
i) 


This non-singular transformation gives, when applied to class 
(2A) for a= —by,, 


37 
(37) 3 3a? — 3 
= 4, = ——— &. 
2 2 

Let us set ef =(3/2)(4/(9a;*))e/’, so that e/ ef’ = (9a? /4)e, and 
ef’? = Let ef =[(3a2 —3)/2][4/(9a2) Jes’, so that 
ef’ ef =(9a? /4)e, and ef? = [(2(a? —1)/(3a;"))?(3) Jes. If we set 
/4)e,=e,', we obtain 


(38) es? = = C10; = = Aci, = Be, 


where A ~ —B. Hence we can now use (32) to carry algebras (2A) 
into algebras (4A). 

Assume now for class (2A), a;= —); and a? =b? =2 and ap- 
ply 


SS 
| 


{= (- a, — + + (- 1)es, 
= 2a;(a; + — (2a)? + a; — 1)e2 + (2a)? — 1)es, 


€3 = + + 


(39) 


| 


This non-singular transformation gives 


|| 
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= (- 2a, 1)e,, 
632 = (4a,5 3a?’ + ay 1)e4 > Aé,, 


ao) 
eg” = (2a; + 1)e, egei = (— 2a,)ea, 

egezs = (2a, + 1)es, eles; = = = = 0. 

In (40), a:=2' or a,= —2' does not cause any of the param- 


eters to vanish nor does it make the transformation (39) 
singular. Let ef =(—2a;/A)e/’, ef =[(2a:+1)/A Jes’, 
so that 


A?(—2a,—1) eg 


eg =e3' eg =eg*=e4, ef"? — =Me{, 
(2a,)? A 
(41) 
A*(2a,+1) 
i, 


~ 


where it is quite obvious that 7+ — N. We can now use (32) to 
carry algebras (2A) into algebras (4G). 

We have thus shown that classes (2A), (3A), (7A), (8A), 
(10A), (11A), and (13A) are superfluous and can be omitted. 
Classes (14A) and (15A) are erroneous and have been replaced 
by classes (14G) and (15G) which arise naturally in the process 
of classification. Classes (4A), (5A), and (12A) have been altered 
so as to allow the parameters to take the value zero which is 
necessary if all algebras are to be included. The classes of alge- 
gras, in my table, with the exception of (1G), (4G), (9G), and 
(12G), are non-equivalent and non-reciprocal regardless of the 
field F or special values of the constants in the algebras. Alge- 
bras of (12G) are equivalent to algebras of (9G) if and only if a 
is the square of a number of F. Algebras in classes (1G) and 
(4G) also may be equivalent if the field and values of a and b are 
such that certain equations given in my master dissertation are 
satisfied. 
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NOTE ON CARSON’S INTEGRAL EQUATION 
BY J. J. SLADE, JR. 


The theory of Heaviside’s operational methods has been de- 
veloped in various papers. Wiener* has perhaps given the most 
rigorous theory of these operators. Carsont has certainly given 
the most elaborate. 

For the manipulation of these operators Carson’s methods 
appear to be the most direct. The solution of the operational 
equation 


f(b) = o 


is identified with the solution of the integral equation{ 
0 


in which the real part of p is positive, the path of integration is 
along the real axis, and ¢(#) is to be defined for positive real 
values of f. 

Dalzell§ has pointed out that the general solution of the equa- 


tion is 
1 ctio 
evap, 


and March|| has shown that Bromwich’s contour integrals sat- 
isfy it. 


* The operational calculus, Mathematische Annalen, vol. 95 (1925), pp. 
557-584. 

{ The Heaviside operational calculus, this Bulletin, vol. 32 (1926), pp. 43- 
68; Electric Circuit Theory and the Operational Calculus, McGraw-Hill, 1926; 
Asymptotic solution of an operational equation, Transactions of this Society, 
vol. 31 (1929), pp. 782-792. 

¢ Carson, this Bulletin, loc. cit. 

§ Heaviside’s operational method, Proceedings Physical Society, vol. 42 
(1930), pp. 75-81. 

|| The Heaviside operational calculus, this Bulletin, vol. 33 (1927), pp. 
311-318. For Bromwich’s theory, see Jeffreys, Operational Methods in Mathe- 
matical Physics, Cambridge Tract No. 23, 1931, Chapter 2. 


4 
z 
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Carson* has noticed the relation between equation (1) and 
Borel’s integral summation formula, and he has suggested that 
Borel’s summation methods might be employed in obtaining the 
asymptotic expansion of ¢(¢) when f() is obtained in increasing 
fractional powers of p. 

In the present paper this investigation is carried through, and 
it is found that Borel’s theory of the summation of divergent 
series furnishes a theory for equation (1) which at once is direct 
and throws light on the nature of the series solutions of it. 

We may assume at first that © is a regular point of f(p) as a 
function of p*, (0<A<1),7 so that, for sufficiently large values 
of p, we may write 


(2) = Dia(p)~. 


Thent 
f 
0 


& 


If in (1) we place pt=£, then Carson’s equation is trans- 
formed into Borel’s integral relation, where 


(3) u(t) = (=) = 
p r r! 


Now if we can transform the right hand member of (3) so that 
p does not appear in the expansion of ¢, then (3) will be the 
solution of (1) in terms of the expansion of f(p).§ To do this 


f(p) 


where 


* Loc. cit., this Bulletin, p. 49 (note), and p. 68. 

+ Heaviside’s method has been applied to the solution of equations of the 
type (VY?—y)¢=0, where p=a+b(0/dt)+c(d?/df). From such a source yp is 
either 1 or 1/2. However, the theory may be extended to apply to the solution 
of (D—y)¢=0, where D is a general operator in x, y,- ~*~ and yu is a linear 
operator in ¢, and thus \ may take on other values. But regardless of the form 
f(p) may take as a functional operator, equation (1), considered merely as an 
integral equation, makes sense for any X. 

t See, for example, Ford, Studies on Divergent Series and Summability, 
Michigan Science Series, II, Macmillan, 1916, p. 78 et seq. 

§ It will still be a solution when appears in the expansion, but it will not 
be explicit, for, in that case, p must be interpreted as an operator. See equation 
(8) below. 


r 


1934] CARSON’S INTEGRAL EQUATION 341 


place = p¢ in the integral 


Then 
Th 
4 A\—r — —rtd 
and 


(5) 
Since by hypothesis f(p) is absolutely convergent (in the 


neighborhood of ©), so will the series for @ be in some interval, 
and in equation (5), >, {=>.. We may then write 


and hence 
¢(t) = 
+ 1) 
which gives the well known transformation for the series (2): 
{> 
(6) + 1) 


Suppose now that f(), as a function of p’, is regular at p=0, 
and that its singularities lie to the left of the imaginary axis. 
Then for sufficiently small values of p, 


f(b) = 


The integrals (4) are not defined for positive exponents of p 
after a sufficiently large r. In this case replace p” in the series 
corresponding to (3) by the right hand member of the identity 


k+1 


— rd) 
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in which is a positive integer such that k<rA<k+1. Proceed- 
ing as before we get, instead of (6), 


(8) = 


k 


j=1 
To transform the right hand member of (8) so that p does not 
appear we first introduce a set of functions p; which satisfy the 
following requirements: fo is monotonic increasing from 0 to ©, 
and 
po = 0,t =0; po =1, 4 = ©; po 1 asé approaches 6 > 0 


from the left, 6 being an arbitrarily small number; 


t 
0 
lim tp, = 0, lim ip, = 0, (k ~ 0 in this last). 


An analytic function which satisfies all the requirements for 
Po is 
1 h log (2t/5) 
where / is an arbitrarily large positive real number.* 
In the first place it is seen that 


(10) p* = px. 


For, consider the integral 


f dt. 
0 


* The function fo here used is a modification of Heaviside’s unit function 
1=}(1-+sgn #). For a discussion of this function see Bush, Operational Circuit 
Analysis, Wiley, 1929, p. 41. The physical meaning of the “impulse” #: (there 
called p1) is discussed on p. 122. On p. 258 et seq. are introduced implicitly a 
set of functions similar to the pz, except that generally lim;.of-"p.0 as 
defined there. The function fo, as defined here, meets more closely than does 
3(1-+sgn #) the requirements of physical theory. 


- 
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Integrating by parts, we find 


+ pf pure ?'dt pos f poe~?‘dt os p*, 
0 0 0 


pe-?' pra 


J f edt, as 6—0. 
0 0 


This establishes (10). Now let 


k 
IG — rr)T(1 — rd)Wo(ra, 2) = Do, 


j=l 


since 


where & has the same meaning as in (7). Also let 


ot” 


ne 


Consider the integral 


pf ‘dt. 
0 0 


rf = — pe 
0 


Because of the relations (9) the integrated part vanishes at both 
limits. Proceeding in this way, we get 


rf = f Woe? ‘dt 
0 0 


k+1 
= t* poe? ‘dt 


p 


TG — rv)T(1 — rd) 


j=1 


Finally, (8) becomes 


rd)(2 — rd) "TG 
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The possibility of setting p,.=0, k>O, for large values of 
will depend on whether ¢(#) admits an asymptotic expansion 
along the positive real axis. The region of definition of ¢(t) as 
well as the possibility of its expansion by the transformation 
(11) may be inferred from general theorems in the theory of di- 
vergent series*. With due regard to the distribution of the 
singularities of f(p), (6) and (11) may be used when f(P) is ex- 
panded in a two-way Laurent series. 


RuTGERS UNIVERSITY 


SYMMETRIC, SELF-DUAL, RATIONAL PLANE 
CURVES OF ODD ORDER? 


BY D. C. DUNCAN 


The writer has established the existencef of the real, non- 
degenerate, completely symmetric, self-dual, elliptic curves of 
order 4k+2, and has indicated an extremely simple plan of 
sketching the loci approximately. In pursuing the program 
there indicated, we now establish the existence of completely 
symmetric rational self-dual curves of order 2k+1, and indicate 
the corresponding easy mode of sketching them approximately. 
These loci also are invariant under 4k+2 collineations and 4k+2 
correlations of which 2k--1 are polarities by real rectangular 
hyperbolas and one a polarity by an imaginary circle. More- 
over, the (2k+1)? foci have an interesting distribution and 
admit rather easy determination. In conclusion, the equations 
in Cartesian coordinates of the curves of the lowest three 
orders, 5, 7, and 9, are listed, together with a sketch of the 
9-ic depicting all singular elements, real foci, and rea! auto- 
polarizing conics. In a subsequent paper the elliptic and rational 
self-dual completely symmetric curves of orders 4k, 2k+1, and 
4k, 4k+2, respectively, are to be exhibited, therewith terminat- 
ing the present discussion. 


* See, for example, Borel et Bouligand, Lecgons sur les Séries Divergents, 
Gauthier-Villars, 1928, Chapter 4. 

+ Presented to the Society under a slightly different title, December 2, 1933. 

t This Bulletin, vol. 39 (1933), pp. 809-813 
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Pliicker’s formulas show that the self-dual, rational curve of 
order 2k+1 has 2k—1 cusps. In the present treatment, as in 
the elliptic case, we let these 2k—1 cusps be distributed at 
equal intervals about the unit circle. Moreover, let the cuspidal 
tangents be concurrent at the center of the circle, namely at 
the point (0, 0, 1) of a homogeneous rectangular coordinate sys- 
tem. Let these cuspidal tangents be axes of symmetry, and 
assume the locus to be invariant under rotations about (0, 0, 1) 
through angles of 2rm/(2k—1), (m=1, 2,---,2k—2). As an 
immediate consequence of this last assumption, we see that 
the (k—1)(2k—1) nodes must lie by (k—1)’s on each of these 
2k—1 cuspidal tangents. 

The most general equation of order 2k+1 in homogeneous 
rectangular coordinates is of the form 


A ¥) + Bfox(x, + y)2? 
+ Kfi(x, + = 0. 

The various f;(x, y) are homogeneous polynomial functions 
of degree i in x, y, which must individually be absolutely in- 
variant under the rotations about the origin through angles of 
2mm/(2k—1). Since fi(x, y)=0 represents 7 straight lines 
through the origin it is clearly impossible for a set of 7 straight 
lines to be invariant under rotations of 27/(2k—1) ifi<(2k—1), 
unless they are the isotropic lines (x?-+-y?)"=0. Hence 

foq(x, y) = + y?) 4, (q = i Ry: 
y) 0, (q I, 2, 1). 
Accordingly, if y=0 is a cuspidal tangent, and consequently an 


axis of symmetry, the equation of the locus in polar coordin- 
ates must be 


Ap?*+! cos (2k — 1)0 + Bp?* + Cp?*-! cos (2k — 1)6 
+ Dp*** + * + --- + +L = 0. 
When 6=0, the roots of 
Ap?*+1 Bp?* Cp?*-! Dp?*-2 + Hp? L = 0 


must include a triple root for p=1, the cusp, and double roots 
for @1, d2, the nodes. We next observe that for 
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just one essential set of real values of A, B,---, 


equation can have such roots. Assume 


+ Bott + Hp? +L 


[April, 


H, L, the 


= A(p — 1)*(p — a;)*(p — az)? - - - (p — 


We here require the a’s to be distinct, none vanishing or equal 
to unity, in order that the singularities may all be simple. Since 


the coefficients of p, p*, p®,---, 
sarily 1, 1, a, d2,-- +, where 
aq, 


p”*-8 are zero, one has neces- 


- , @&_1) represents the sum of the products of the roots r 


at a time, (r=4, 6, 8, - - - , 2k), there being k—1 such equations. 
Now let these various a; be replaced by their reciprocals and 
the resultant equations cleared of fractions; this will not impair 


the solutions since by hypothesis a;~0. One then 
set of equations 


> (1, 1,1, af, af, af, a7, --- 


(7’=1, 3,5, -- 
be replaced by the simpler ones* 


1 


» 


(s=1, 3,5,---,2k—3), that is, 

3 + 2a, + + --- + 
3+ 2a, + +--- +202, = 
3+ 2a, + 2a, +--- + 2a,°, 

34+ + + --- 4+ 
or 
+ 


13 "3 3 "3 
a, +a,+a,+--- +4, , 


6, 15 

‘2k—3 


» = 


obtains the 


0, 


- , 2k—3), (a’ =1/a). These equations may now 


0, 


3/2, 
— 3/2, 
— 3/2, 


= — 3/2.¢ 


* Cajori, Theory of Equations, p. 85, application of Newton’s formulas. 


t Thus, for k=4,a{ = —.679523- - = —1.062793---,a;' 


0, 
0, 
0, 
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Regard these k—1 equations as representing k—1 hypersur- 
faces in (k—1)-space, and consider the distances from the 


origin, (0, 0, 0,---, 0), to the intersections of the line 
af =a; =aj = -- - =a,_{ with them; these distances are pro- 
portional to [—3/2((k—1))]/, (p=1, 3, 5,---, 2k—3). We 


observe that these distances are of increasing order of magni- 
tude. Now consider the distances from the origin to the inter- 
sections of these hypersurfaces with an axis of coordinates, 
say, d2=0,a3;=0, - - -,@,-1= 0. These distances are, respectively, 
[—3/2]"/», (p=1, 3, 5, - --, 2k—3). Note that these distances 
are of decreasing order of magnitude. Hence from considera- 
tions of continuity one observes the existence of a common solu- 
tion of these equations, no value of a; being zero. On account 
of the perfect symmetry of the a’s there are (k—1)! solutions 
arising by permuting the a’s in all possible ways. We next prove 
the uniqueness of this fundamental solution. Assume two dis- 
tinct fundamental solutions; then there would be two different 
sets of values of A, B, C,- --, LZ, in the equation of the locus, 
that is, letting A and A’ =1, 


= p**+! cos (2k — 1)6 + Bp?* + Cp?*—! cos (2k — 
+ 


and 
©’ = p?*tl cos (2k — 1)0 + B’p?* + C’p?*-! cos (2k — 1)8 
+ + --- + L' = 0. 


If we set 0=0, the form #—®’ must not contain any odd powers 
of p except 2k+1 and 2k—1. Factoring, we obtain —®’ in the 
form 


(p — 1)3[(p?*-2 + Bp?*-4 + Cp?*-6 4+ --- + Hp? +L) 


The condition that the specified odd powers of p vanish yields 
B=B’', C=C’,---,L=L’. Hence it follows that there exists 
only one essentially distinct set of values of A, B, C,---, L. 
Accordingly, the locus ®=0 is unique. Hence if the points of 
inflexion and the cuspidal tangents, and also the cusps and 
the inflexional tangents, are pole-and-polar with respect to any 
conic section, this conic section will autopolarize the entire locus 
#=0. Let us observe that the points at infinity on the lines 
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6=(4m+2k—1)x/(4k—2), (m=0, 1, 2,--- , 2k—2), are points 
of inflexion. In particular, consider the inflexion at infinity on 
the y-axis, that is, for m=0. The inflexional tangent at this 
point, (0, 1,0), is (2k—1)x+Bz=0, (+ sign before B if k is even, 
— sign if k is odd). We observe, then, that the polarity 
u:viw=(2k—1)x:(2k—1)y:+B interchanges the inflexional 
and cuspidal elements at (0, 1, 0) and (1, 0, 1). By symmetry, 
all inflexional and cuspidal elements are pole-and-polar with 
respect to the same conic, namely, (2k—1)[x?+~y?]+Bz?=0. 
But since y occurs only with even powers in the equation @=0, 
the locus ®=0 is also invariant under polarization with respect 
to the rectangular hyperbola (2k—1)(x?—y?)+Bz?=0, and 
hence, by symmetry, also with respect to the rectangular 
hyperbolas symmetrically placed with reference to the other 
cuspidal tangents, namely, 2k—1 hyperbolas in all. Combining 
one of these polarities with a reflexion about each of the 2k—1 
cuspidal tangents (axes of symmetry) yields 2k—2 correla- 
tions, which are not polarities, and the polarity with respect to 
the imaginary circle. The products of any correlation by all the 
correlations are the 2(2k—1) collineations. They may be repre- 
sented explicitly as follows. 


COLLINEATIONS 

x = x cos 2rm/(2k — 1) y sin 2xm/(2k — 1), 

y = x sin 2xm/(2k — 1) + y cos 2rm/(2k — 1), 

z= 2, (m = 0,1, 2,---, 2k — 2). 

CORRELATIONS (POLARITIES) 
u = (2k — 1)x, v = (2k — 1)y, w= + Bz, 
u = (2k — 1)[x cos (2rm/(2k — 1)) — y sin (2em/(2k — 1))], 
v = (2k — 1)[— x sin (2am/(2k — 1)) — y cos (24m/(2k — 1))], 
w= + Bz, = 0, 1, 2,---, 2k — 2). 
CoRRELATIONS (Not POLARITIES) 

(2k — 1)[x cos (2rm/(2k — 1)) + y sin (24m/(2k — 1))], 
(2k — 1)[— x sin (2em/(2k — 1)) + ycos (2rm/(2k — 1))], 
w= + Bz, (m = 1, 2, 3,---,2k — 2). 


= 
~ 


2 


[Throughout, + attaches to B if k is even, — if k is odd.] 
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The form of the locus is apparent from the following consid- 
erations. Since there are as many inflexions (all at infinity) as 
there are cusps, each arm of each cusp can cut an arm of an- 
other cusp no more than once. Each of the 2k —1 arms extending 
from cusp to cusp can intersect 2k—2 others only in 2k—4 
points in addition to the two cusps; that is, in (2k—1)(k—2) 
nodes, which, by symmetry, must be distributed equally on the 
2k—1 cuspidal tangents; hence k—2 nodes are on each cuspidal 
tangent, whereas there should be k—1. Therefore one node on 
each cuspidal tangent must be an acnode, and must lie within 
the unit circle; otherwise the circle passing through them would 
cut the locus in 8k—4 points, whereas there can be at most 
2(2k+1) intersections of a (2k+-1)-ic witha circle. For the same 
reason no acnodes may lie outside the unit circle, hence all 
nodes outside the unit circle are crunodes. This maximum num- 
ber k—2 is possible only if each arm joining two cusps cuts both 
arms of all the other cusps; that is, the arms of adjacent cusps 
unite at an inflexion at infinity. Accordingly we may make the 
following statement. 

The completely symmetric self-dual rational curve of order 2k+1, 
possessing, accordingly, 2k—1 cusps and (2k—1)(k—1) nodes, of 
which 2k—1 are acnodes, may be sketched very approximately by 
drawing the 2k—1 secant lines through consecutive pairs of 2k—1 
points equally distributed on the circumference of the unit circle, 
omitting the chords within the circle. The 2k—1 corners may then 
be tapered to resemble cusps. The 2k—1 acnodes may be placed 
within the circle midway between consecutive cusps. 

Since these loci are of order 2k+1 and have (2k —1)-fold rota- 
tional symmetry, they all pass through the circular points at 
infinity. Moreover, the (2k+1)? foci are distributed as follows. 
There are one real and 2k distinct imaginary foci on each cuspi- 
dal tangent, namely, 

= erm’ | 227, 
There are also two real and two imaginary foci coincident at the 
origin, (0, 0, 1). The other imaginary foci occur in coincident 


re ( +tre mri/(2k+1)+9 


(m, m’=0, 1, 2,---, 2k). The foci are obtained by assuming 


pairs at the points 
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the line through (1:7:0) and (r:0:1) to be tangent to the locus, 
and then requiring the pole of this tangent with respect to a 
polarizing conic to lie on the locus; that is, one requires the co- 
ordinates (+ Bi: —[+B]:—ir[2k—1]) to satisfy the equation 
®=0. The actual calculation is somewhat tedious although it 
is confined to terms of degrees 2k+1 and 2k. The equations of 
the curves arising for k=1, 2, and 3 are listed with a brief dis- 
cussion and sketch of that of degree 9, arising for k =3: 


n= 5 (k = 1) 

(9x? + Dy? — 5)(x* — 3xy?) — 15(x? + y?)(x? + y? — 1) —4=0. 
n= 7 (k = 2) 

(25x? + 25y? — 105)(x5 — 10x y? + Sxy*) 

— 105(x? + y?)3? — 385(x* + y*)* + 420(x? + y?) = 144. 
n=9 (k = 3) [homogeneous rectangular coordinates | 
49(x° — 20x7y? + 14a5y4 + 2823 y6 — Try’) — + y?)4z 

— 45(x7 — 21x5y? + y* — + 2415(x? + 

— 5544(x? + y2)%5 + 5040(x? + — 160029 = 0. 
On the cuspidal tangent y =0 occur a cusp at (1:0:1), an acnode 
at (—.9404917 - - - :0:1), and crunodes at (— 1.47162 - - - :0:1) 


and (4.12682 - - - :0:1). The equations of the tangents at these 
nodes are as follows: 


+ 3.740 y = x — 4.1282, 
+ 0.1067y = x + 0.9412, 
+ 1.257y = x + 1.4192; 


the coefficients are correct only to the third decimals as indi- 
cated. A point of inflexion occurs at (0:1:0), the inflexional tan- 
gent [asymptote] at which is 49x+45z=0. The two proper bi- 
tangents and one isolated bitangent which are perpendicular to 
the cuspidal tangent y=0 are, respectively, 


(72.10938 - - - x — 45s = 0, 
(202.21418 - - - )x — 45s = 0, 
(46.104933 - - - )x — 452 = 


The coefficients again are correct to the indicated places of 
decimals. The six other singular elements of each of these kinds 
are readily found by rotating these through angles 27m/7, 


| 
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(m=1, 2, 3, - -- , 6). Although the point and line singularities 
are all distinct, certain of the foci coincide. One observes that 
there are one real and six distinct imaginary foci on each cus- 
pidal tangent, namely at 


N: Autopolar locus of order 9. -A: Acnode. F: Real focus. 

H: One of 7 autopolarizing rectangular hyperbolas; the others are symmetri- 
cally placed. 

TT: Proper bitangent. T’T’: Isolated bitangent. 


besides two real and two imaginary coincident foci at the origin, 
(0:0:1). The other imaginary foci occur in coincident pairs at 
the points, 


where r = (45/49) (9/5)"/7. 
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The 14 collineations and 14 correlations under which the 
curve is invariant may be written explicitly as follows: 
COLLINEATIONS 
xiyi:z = x cos (2rk/7)0 + y sin (27k/7)0: sin (24k/7)0 
+ y cos (2rk; 7)0:2. 
CORRELATIONS (POLARITIES) 
= 49[x cos (2rk/7)@ — y sin (24k/7)6], 
49[— x sin (2xk/7)@ — y cos (2rk/7)6], 
w= 452, (k = 0,1,2,---, 6). 


CORRELATIONS (Not POLARITIES) 
= 49[x cos + y sin (2rk/7)6], 
v = 49|[— x sin + y cos (2rk/7)6], 
w= 452, (k= 1,2,--- 56). 


The form of the curve is very approximately realized by draw- 
ing secant lines through consecutive points of the seven points 
equally distributed about the unit circle. The figure depicts all 


the singular elements and real autopolarizing conics. 
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